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Weakly perturbed integrable many-body systems are typically chaotic, and thermal at late times.
However, there are distinct relationships between the timescales for thermalization and chaos. The
typical relationship is confined chaos: when trajectories are still confined to regions in phase space
with constant conserved quantities (actions), the conjugate angle variables are already unstable.
Chaotic instabilities thus far precede thermalization. In a different relationship, which we term de-
confined chaos, chaotic instabilities and thermalization occur on the same timescale. We investigate
these two qualitatively distinct scenarios through numerical and analytical studies of two perturbed
integrable classical spin models: the Ishimori spin chain (confined chaos), and the central spin model
with XX interactions (deconfined chaos). We analytically establish (super)-integrability in the lat-
ter model in a microcanonical shell. Deconfined chaos emerges through the separation of phase
space into large quasi-integrable regions and a thin chaotic manifold. The latter leads to chaos and
thermalization on the fastest possible timescale, which is proportional to the inverse perturbation

strength. This behavior is reminiscent of the quantum SYK models and strange metals.

I. INTRODUCTION

Many physical systems, with length scales ranging
from the atomic to the astronomical, are close to in-
tegrable. For example, the starting point for describ-
ing planetary orbits in our solar system is the (super)-
integrable 1/r-central potential [1]. At the atomic scale,
ultra-cold quantum gases confined to one dimension do
not equilibrate even after thousands of collisions, instead
exhibiting the dynamics of integrable quantum models
for long times [2—4].

Mathematically, a Hamiltonian is integrable if it has
L (extensive) conserved quantities that are mutually in
involution, where L is the number of degrees of free-
dom [5, 6]. The conserved quantities can be recast into
action variables; their conjugate angle variables increase
linearly in time, and the motion of a bounded trajectory
in phase space is restricted to a compact L-dimensional
invariant torus. The physical consequences are twofold.
First, the dynamics of integrable systems are regular (and
thus non-chaotic). Second, the dynamics is non-ergodic;
even upon time-averaging, a trajectory stays on its in-
variant torus, so that the stationary state at late times is
described by a generalized Gibbs ensemble (GGE) that
in principle accounts for all L conserved quantities.

Upon weakly perturbing an integrable system, it is of-
ten observed that chaos asymptotically precedes ther-
malization (see Fig. la). Nearby trajectories separate
rapidly within tori, so that the precise starting angles
are quickly forgotten (Fig. la(iii) top panels). However,
the actions barely change on these timescales, so that
the state of the system is well-approximated by a slowly
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evolving GGE [7-9]. This GGE eventually relaxes to the
appropriate Gibbs ensemble on a longer timescale. As
the effects of chaos are primarily visible within confined
manifolds in phase space, this scenario is called confined
chaos.

Confined chaos is the basis of Boltzmann kinetics. It is
believed to occur in the solar system, wherein numerical
simulations predict that the future precise location of a
planet in its orbit will be forgotten long before the planet
can escape the orbit [10-14]. It has also been observed
and studied in depth in several model systems [15], in-
cluding in the Fermi-Pasta-Ulam-Tsingou chain [16-18].

Based on empirical studies of a model system, we de-
scribe a different scenario in which chaos and thermaliza-
tion occur asymptotically on the same timescale. We dub
this scenario deconfined chaos, as trajectories separate in
phase space with no reference to angle-like or action-like
directions (see Fig. 1b).

While the general conditions for deconfined chaos are
not known to us, the essential ingredients in our exam-
ple are superintegrability and the inhomogeneity of phase
space. Superintegrability [19-21] restricts the motion of
the unperturbed trajectory to invariant tori with dimen-
sion less than L. A maximally superintegrable system
exhibits 2L — 1 independent conservation laws, restrict-
ing trajectories to closed loops. Upon perturbation, tra-
jectories tend to remain close to the tori on short time
scales, but slowly drift between distinct tori on longer
time scales, leading to a helical motion as illustrated in
Fig. 1b(iii). For weak perturbations, the motion within
a torus is typically much faster than the drift, and the
helical dynamics can be viewed as a slow drift of the
unperturbed torus through phase space. However, in a
small fraction of phase space where the natural timescales
of the integrable dynamics are long (gray in Fig. 1b(iii)),
these tori are completely destroyed by the perturbation.
When a drifting trajectory visits this thin chaotic mani-
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FIG. 1. Two scenarios for the dynamics of weakly perturbed integrable systems. Panel (a) corresponds to confined chaos, which
is exhibited by the Ishimori spin chain (i). (ii) is a cartoon of the autocorrelator C-(t) of an observable as a function of time
showing four timescales: T, characterizes the timescale on which a trajectory explores a single quasi-invariant torus, Tiya the
timescale of exponential separation of nearby trajectories in phase space, Thelt the time at which C;(¢) deviates from its late-
time value on the torus, and Tin the time at which C;(¢) reaches its thermal value. For confined chaos, T, < Tiya <K Tmelt, Tth
so that trajectories rapidly separate within invariant tori before diffusing between tori, as shown in the schematic phase-space
cartoons in (iii). Panel (b) corresponds to deconfined chaos, which is exhibited by the central spin XX model (i). (ii) shows a
cartoon of C-(t) with the hierarchy of timescale Ty, < Tiya, Tmels, Tth. (iil) schematically shows that phase space is extremely
inhomogeneous. In the white region, trajectories drift between quasi-invariant tori (which are one-dimensional loops in the
model). The gray regions denote the chaotic manifold in which trajectories rapidly separate and correlators relax. Although

they appear disconnected for illustrative purposes, they form a connected, thin manifold in phase space.

fold, its dynamics is very sensitive in both the angle-like
and action-like directions of phase space, so that all few-
body observables thermalize after a few such excursions
into the chaotic manifold.

We present two case studies, one each for the sce-
narios of confined and deconfined chaos. In each sys-
tem, we (i) numerically compute autocorrelators of phys-
ical observables in a microcanonical ensemble to access
timescales related to thermalization (Tie; and Ty in
Fig. 1), and (ii) characterize the sensitivity of a phase-
space trajectory to a perturbation through the maximal
Lyapunov exponent [5, 6] (this determines the timescale
Tiya in Fig. 1). We empirically characterize the depen-
dence of these different timescales on the strength of the
integrability-breaking perturbation |§| (Fig. 2), and thus
establish confined or deconfined chaos. We also present
perturbative arguments to explain the dependence of the
various timescales on |4|, and build a physical picture of
the dynamics.

The case study for confined chaos is the Ishimori
chain (Sec. II). The Ishimori chain is a classical spin
chain with nearest neighbour interactions that supports
infinitely long-lived quasi-particles [22-24]. We find
that Tiya o |6]7# with 8 ~ 0.65, is asymptotically
shorter than the timescales associated with thermaliza-

tion, Ters, Ttn o< 6~ 2 (Fig. 2a). For the studied system
sizes, Tmew and Ty also show weak dependence on L.
However, at much larger sizes, Ty, starts to increase with
L, as expected from energy diffusion setting the thermal-
ization time, Ty, ~ L?/D for D being the diffusion con-
stant. The melting time remains approximately system
size-independent.

The case study for deconfined chaos is the central spin
XX model (Sec. IIT). This model is known to be in-
tegrable when the central spin is quantum with spin
S =1/2 or § = 1, where it hosts (exponentially many
in L) dark states with no dynamics [25-28]. Prior to our
work, there have only been cursory investigations of the
classical, many-particle limit [26].

Our first result is that the classical XX model is maz-
imally superintegrable in a single microcanonical energy
shell. In addition to hosting dark states with no dy-
namics, the shell is characterized by 2L — 1 independent
integrals of motion, which we explicitly compute. Thus,
a generic trajectory in this shell traces a closed loop in
phase space. Numerically computed Lyapunov exponents
are finite in all other energy shells, suggesting that the
model is not fully integrable.

Next, we characterize the inhomogeneities in phase
space upon perturbation through perturbative arguments
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FIG. 2. Timescales controlling relaxation and Lyapunov in-
stabilities as a function of perturbation strength ¢ for (a) the
Ishimori spin chain, and (b) the central spin model. Green
triangles refer to the melting time Tineit, orange circles to
the Lyapunov time Tiya, and purple squares to the thermal-
ization time 7i,. The dashed and dotted lines show relevant
power laws. In both models, Ti,eit and Tt have identical scal-
ing: §72 for the Ishimori chain and |6|™" for the central spin.
However, Tiya o |6|7° with 8 ~ 0.65 for the Ishimori spin
chain while Tiy, o |6|™" for the central spin model. Models
are defined in Sec. II and Sec. III, respectively. Parameters:
J =1, v = 3/4 (only relevant for the central spin model),
L =451n (a), L =46 in (b).

and by studying the distributions of various dynamical
quantities across phase space. We find that regions in
phase space where the dynamics is mean-field-like (ei-
ther where the mean-field on the central spin is large,
or where the field induced by the central spin on every
surrounding spin is large) are only weakly perturbed. In
contrast, regions of phase space where both fields are
weak—so that motion is regular with large periods—are
strongly perturbed and give rise to the chaotic manifold.
A trajectory encounters this manifold at an average rate
of |§]. This encounter causes both Lyapunov instabilities
and the thermalization of the quantities that are con-
served at 0 = 0. We thus arrive at Tiya, Timelt, Tth |57t
(Fig. 2b).

Three points are worth noting. First, the emergent
timescale in the central spin model is a non-analytic func-
tion of the integrability-breaking parameter. Second, the
identical scaling of Tiya, Tmeit, Tth With || prevents the
identification of distinct dynamical regimes as § — 0.
Third are the remarkable similarities between the cen-
tral spin model and other maximally ergodic models with
fast mixing and thermalization, such as the Sachdev-Ye-
Kitaev (SYK) model [29].

II. ISHIMORI CHAIN

The Ishimori spin chain is an integrable classical model
with unbounded nearest neighbour interactions [22].
With periodic boundary conditions on L spins (and iden-

tifying Sy, with Sg), the Hamiltonian is:

L—-1

Hic=J Z log(1+S; - Sj41), (1)
=0

where J is the interaction strength. We set J =
1 henceforth’. The model hosts infinitely long-lived
quasi-particles [22-24], and is a special case of the lat-
tice Landau-Lifshitz model [30, 31]. It has extensively
many conserved quantities, including energy, total z-
magnetization, and the torsion 7, defined as:

L sz S; - (8j+1 X S;-1) . @)
= (1+ S;- Sj+1)(1 +8S;- Sj—l)
Dynamics is determined by the usual Hamilton equations
A = {A, Hic}, where {A, B} is the Poisson bracket of
A and B. The spin variables S7"** obey {S;’,S};} =
5jkeachJc», where €, is the Levi-Civita symbol.

To study the effects of integrability breaking, we con-
sider a perturbation V that adds a spatially inhomoge-
neous z-field to each spin:

L-1
V=Y h;S:. (3)
j=0

The field strengths h; € [—1,1] are generated pseudo-
randomly using Sobol sampling. We use Sobol sampling,
as opposed to random sampling, as the exact distribution
of the h; does not affect any of our results. Thus, we
fix an unstructured but reproducible realization. The
perturbed Hamiltonian H = Hic + dV (we take 6 >
0) conserves energy and total z-magnetization, but does
not conserve the torsion 7. Fixing both energy E and
total z-magnetization S&, = >_; 57 to zero specifies a
microcanonical shell, to which we restrict our numerics.

A. Decay of autocorrelators

To investigate the process of thermalization, we study
the autocorrelators of observables and their spectral func-
tions as a function of perturbation strength §, as shown
in Fig. 3. Specifically, we consider normalized autocorre-
lators,

(O(t)0(0))
(0(0)0(0))

where (...) refers to the phase-space average (mean) over
the microcanonical shell. We also examine the spectral

1 We note that the equilibrium properties are unstable at low tem-
peratures for this sign choice. However, this does not affect our
dynamical results.
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FIG. 3. Dynamics of the torsion 7 as defined in Eq. (2) in
the Ishimori spin chain with system size L = 45 at varying
perturbation strengths 6. Panels (a) and (b) show the au-
tocorrelators and spectral functions of 7, respectively. The
triangles and squares mark the melting time Tie1r and ther-
malization time Tin, respectively. In (a), the correlator is
constant, C;(¢t) = 1, at 6 = 0 (shown in light orange). The
insets show rescaled data, indicating Tmeit, Ttn 572, The in-
set in (b) further shows that the Lorentzian function (shown
as blue dotted line) is a good fit to @ (w).

function, which is defined as the Fourier transform of the
autocorrelator:

Do (w) = / T ), 5)

oo 2T

See Ref. [32] or App. D for specific details in computing
the correlators and spectral functions.

We consider the torsion 7 from Eq. (2) as our ob-
servable O with 7(t) = 7(0) at 6 = 0. For a conserved
quantity, the relaxation time at the integrable point, de-
noted T, in Fig. 1, plays no role, and the prethermal
plateau [33, 34] (shown as a red horizontal dotted line in
Fig. 1) is situated at C(¢) = 1. This choice simplifies the
extraction of the remaining timescales and homes in on
the effects of integrability breaking. For non-conserved
quantities, T, oc 0° sets the timescale for the initial re-
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laxation to the prethermal plateau®. More details can be
found in App. E.

Fig. 3a and Fig. 3b show the autocorrelator and spec-
tral function at different perturbation strengths for the
Ishimori spin chain with L = 45. The correlator decays
from its initial value at C,(t) = 1 and eventually relaxes
to its microcanonical value (7)* / (72) = 0. We extract
the melting time Ty,0; and thermalization time Tiy,.

The melting time T is extracted as the time at
which C;(t) = 0.8 and marked by triangles in Fig. 3a.
To illustrate its dependence on ¢§, we plot the autocorre-
lator versus re-scaled time in the inset, which indicates
the scaling Tineis o< 6 2.

The thermalization time T}, is extracted using the
spectral function, which broadens near w = 0 as § in-
creases. Specifically, the divergent spectral weight at
w = 0 at the integrable point is redistributed to other
frequencies at any nonzero §. Assuming that the au-
tocorrelator exponentially relaxes to the microcanonical
value at the longest times, the spectral function in the
neighborhood of w = 0 can be fit to a Lorentzian,

1 T

W) T

(6)
with width T' that defines the thermalization time as
Tin = 2n/T. The inverse Fourier transform of the
Lorentzian in Eq. (6) gives e Tl*l for the form of C.(t)
at late times. Then, Ty, (marked by squares in Fig. 3a)
sets the time at which the correlator has decayed to ap-
proximately e 2™ ~ 0.2% of its original value.

Similar to the melting time, the thermalization time
Ty, is proportional to 6 2. The inset in Fig. 3b shows a
complete scaling collapse of the spectral function upon
rescaling the x-axis as w — w/d? and the y-axis as
®, — 62®,. This scaling collapse implies that ®, (w) ~
I' 1, (w/T) with T' o 62 and some dimensionless scal-
ing function ¢ (x), which is well approximated by a pure
Lorentzian function (shown as a blue dotted line).

Thus, the entire thermalization process is determined
by a single timescale (o< 6=2) set by Tinerx or Tin. This
is consistent with standard time-dependent perturbation
theory used in deriving kinetic equations for approximate
integrals of motion and Fermi’s Golden Rule (FGR),
which is equivalent to the relaxation time approximation
for these equations. Within these approaches, the transi-
tion rates between quasi-stationary GGE configurations
are proportional to

1
Py o 70 (V2),, @ (0), 7)

where @y is the spectral function of the perturbation
(note that ®y is normalized as defined in Eq. (5)) and

2 Note that T, generally increases with the system size for local
integrable models. As we are interested in the onset of thermal-
ization at a fixed L, all other §-dependent scales exceed T, for
small enough |4|



cc refers to the connected correlator. The factor of 1/L
comes from the kinetic constraint that an extensive inte-
gral of motion can only change by an intensive amount in
each transition event. This factor is compensated for by
the connected correlator (V?), o< L. Thus, the corre-
sponding melting time Ti,c¢ and the thermalization time
Tty of the initially conserved operators are both propor-
tional to (§2®y(0)) 1.

Notice that these times can significantly differ from
each other: Tj,e1¢ depends on the spectral function @y (0)
computed with the initial GGE ensemble, while T, is
defined by the equilibrium, microcanonical spectral func-
tion. Therefore, we do not expect that the relaxation of
Co(t) will be generically described by a single timescale.
If, however, the initial GGE distribution is sufficiently
close to the microcanonical ensemble, as is the case for
our studies, the relaxation rate remains approximately
time-independent. Crucially, the perturbation theory
prediction is well controlled when the spectral function of
the perturbation is finite at low frequency, ®y (0) < co.
This is the case for the perturbation V' in the Ishimori
chain as shown in App. E.

B. Divergence of trajectories

The melting and thermalization times T and Tty
only provide us with information about actions—the ap-
proximate integrals of motion. Thus, they are completely
insensitive to angle variables. In principle, one can study
those in a similar fashion, but it is generally more diffi-
cult as explicit analytic expressions for the angle variables
are not readily available. To circumvent this problem,
we analyze the Lyapunov time Tjy,, which characterizes
the earliest instability occurring in either action or angle
variables. Formally, the Lyapunov time is defined as the
inverse of the maximal Lyapunov exponent \.

The largest Lyapunov exponent A characterizes the ex-
ponential separation of nearby trajectories averaged over
the entire phase space. It is often used as a measure of
chaos in non-linear dynamical systems [5, 6, 35-37]. The
exponent A is computed by evolving two nearby trajecto-
ries with initial conditions S(0) and S(0) and measuring
the growth of the distance d(t) = ||S(t) —S(?)|, as a
function of time t:

A= lim lim %log (d(T)>. (8)

T—s00 dg—0 do

The timescale Tiy, is defined by:

Tiya = Th—r>r<lx> dhgo %' )
" log (W)

If the system is ergodic or mixing, then the Lyapunov
time as defined above does not depend on the initial con-
ditions. However, it can take a very long time 7T for
Tiya to converge to the correct asymptotic value. To cir-
cumvent this issue, we choose a large but finite 7' and

average the Lyapunov time over the microcanonical shell
of initial conditions. Specifically, we choose a small ini-
tial distance dy and define a large cutoff growth factor,
a, from which we compute the separation times Tyep, for
each initial point S;(0),

Thnal (S;
Teep(Sj) = il (5,)

- log (d(Tfm;;(Sj))) '

(10)

Here, Thna1(S;) is defined as the time when the separation
d(t) has grown from d(0) = dy to d(Thnal(S;)) = adp for
the jth sample S; within the microcanonical shell. The
sample mean of the separation time for a sample of n > 1
initial configurations approximates Tiya,:

n n

1 1
T‘lya ~ <Tsep> = - ZTsep(Sj) = W ZTﬁnal(Sj)'

n =
(11)

j=1
The sum over the Thnai(S;) values approximates the limit
limy_,o in Eq. (9), as it effectively represents the total
time > ; Thnal(S;) required for the distance to grow to
a™. We have verified that our values of dy (small), a
(large), and n (large) are chosen such that the resulting
estimate for Ty, is well converged.

Within our simulations, we have chosen both trajec-
tories to initially start within the same invariant torus
(in the integrable limit). We obtain a second trajectory
within the same quasi-invariant torus by evolving under
integrable dynamics for a short time proportional to dy.
This avoids a linear separation of the trajectories propor-
tional to the initial distance due to a mismatch in the ac-
tion variables. A comparison to an alternative approach
using out-of-time-order correlators (OTOC) [38, 39] is
given in App. F.

The distribution of T, over phase space for different
perturbation strengths 4 is shown in Fig. 4. The scaling
of the entire distribution follows a simple power law with
respect to |d], leading to a scaling collapse when rescaling
the distribution as |0]°Tyep with 3 & 0.65. Consequently,
the mean, corresponding to Tiya, scales as |§| =%, as shown
in the inset. The collapse in Fig. 4 suggests that the per-
turbation breaks integrability in a similar manner across
phase space.

Similar scalings (58 = 2/3) have been observed for clas-
sical and quantum kicked rotors that are perturbed by
Gaussian noise [15, 40]. The approximate equality of S
between the two models is, however, possibly accidental,
as other models studied in the literature have different
values of 3 [41-44].

C. Confined chaos

The timescale at which trajectories separate in phase
space is asymptotically shorter than the timescale at
which the system thermalizes:

Trmelts Ten o< 62> Tiya o 6|77 with 8~ 0.65 (12)
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FIG. 4. Distribution of the rescaled separation time |§|*Tiep
in the Ishimori spin chain (with system size L = 45) at varying
perturbation strengths § each for 10,000 initial spin configu-
rations. The inset shows the mean of the distribution, Tiya,
as a function of §. The parameter 8 = 0.65 is obtained by
fitting Tiya o< |8]~* using bootstrapping, whose fit is shown in
the inset.

for § — 0 (also shown in Fig. 2a). This phenomenon is
the norm rather than an exception in nearly integrable
systems and is known as confined chaos [15, 18]. Canon-
ical examples are the weakly interacting atomic gas and
planetary orbits in the Solar System [10-14]. Trajectories
initially separate within the quasi-invariant tori, which
begin to melt (and thus autocorrelators of their associ-
ated actions begin to decay) at much later times. This
scenario usually justifies FGR and various Markovian
approximations, including kinetic approaches for gases,
where one only writes equations of motion for the ac-
tions (such as the momenta of atoms in a colliding gas)
while assuming that the corresponding angles are com-
pletely random. In real many-body systems, Lyapunov
exponents are hard or even impossible to probe because
of quantum or statistical fluctuations, which prevent us
from creating two copies of the system with nearly iden-
tical initial conditions. Nevertheless, confined chaos can
be understood as a two stage relaxation process where
angle variables equilibrate at a timescale faster than the
action variables.

Based on the asymptotically different timescales, the
Ishimori spin chain exhibits four distinct dynamical
regimes as illustrated in Fig. la(iii):

(i) Regular GGE (T, < t < Tiy.): Trajectories re-
main perturbatively close to those of the integrable
model.

(ii) Chaotic GGE (Tiya < t < Tier): Nearby phase-
space trajectories have exponentially diverged, but
the quasi-invariant tori have not yet melted. A
comprehensive picture of the dynamics in phase
space in this regime can be found in Ref. [15]. The
temporal extent of the chaotic GGE regime grows
as 6 — 0.

(iii) Melting (Tmers < t < Tin): The quasi-conserved
quantities begin to melt as the (already) chaotic
trajectories start to explore different tori. In the
case of torsion, its autocorrelator C(t) decays ex-
ponentially as a function of time.

(iv) Thermalization (t > Tin): The exponential de-
cay of C(t) continues until thermal equilibrium is
reached at Ty, after which C () remains constant,
up to fluctuations which are suppressed by L.

D. System-size dependence of thermalization

We conclude our discussion of the Ishimori spin chain
by examining the system-size dependence of the ther-
malization time T}y, with numerical evidence provided
in App. G.

We expect the Ishimori chain to be diffusive. There-
fore, the thermalization time T}, of a generic local ob-
servable is expected to be system-size dependent. To be
specific, a local observable with non-vanishing overlap
with a conserved quantity in the perturbed model (i.e.,
energy or total magnetization) generally exhibits power-
law decay of the autocorrelator, which emerges as a low-
frequency power law in the spectral function (see App. G
for observable S§). For example, in our one-dimensional
system, we find diffusive scaling of ®g: (w) ~ 1/+/w. This
power-law scaling ends at the Thouless frequency (inverse
thermalization time), which scales as wry, ~ D(J)/L?,
where D(0) is the diffusion constant. Thus, the thermal-
ization time of a local observable is generally system-size
dependent (T, oc L?)3.

However, we find that the thermalization time of tor-
sion 7 is system-size independent because it has a van-
ishing overlap with the conserved quantities of the per-
turbed model, and thus does not exhibit a power-law
decay of the correlator at late times.

Even for observables which overlap with conserved
quantities, observing power-law relaxation of the auto-
correlator requires a system size L which is sufficiently
large compared to 1/D(8)|8| 7! such that L?/D(8) > Tiy.
Note that D(J) usually diverges as § — 0 [45, 46], the
general mechanism for which is yet to be explained. Tak-
ing the limit § — 0 at a fixed system size, there is
no asymptotic diffusive relaxation even for observables
with non-vanishing overlaps with conserved quantities
(see App. E for more details); instead, autocorrelators ex-
ponentially decay. This is because quasi-particles bounce
back and forth between the system boundaries many
times before eventually decaying, so that the diffusion of
energy does not set the time-scale for reaching thermal
equilibrium. In the opposite limit of fixed § and L — oo,

3 Note that the melting time, indicating the onset of the destruc-
tion of the tori, is independent of the observable’s overlap with
conserved quantities and thus remains system-size independent.



the system first locally thermalizes and then conserved
densities evolve in time according to the diffusion equa-
tion or, more generally, according to hydrodynamics. In
this case, the global thermalization time does depend on
the system size. For weak integrability breaking, study-
ing this regime would require much larger system sizes
than we analyze here.

III. CENTRAL SPIN MODEL WITH XX
INTERACTIONS

Central spin models provide an idealized description
of interactions between a central degree of freedom and
a mesoscopic environment of surrounding spins, as de-
picted in Fig. 1b(i). They model the interactions be-
tween nitrogen-vacancy centers and nuclear spins in di-
amond [47, 48], and the hyperfine interaction between
electronic and nuclear spins in quantum dots [49, 50].
Large families of such models are known to be inte-
grable [51-53]; they thus provide a controlled setting
within which to study relaxation dynamics upon an
integrability-breaking perturbation.

We focus on the classical XX central spin model, in
which the central spin interacts with its environment res-
onantly through XX interactions. The Hamiltonian is,

L—1
Hos =) g;(S5S7 + S§5Y), (13)

j=1
where 0 indexes the central spin, 7 = 1,...,L — 1 in-
dexes each environment spin, and g; = 1+ 'ygg» with

g; € [~1,1], which are obtained using Sobol sampling.
Again, we use Sobol sampling to obtain an unstructured
but reproducible realization. Above, J sets the overall
strength of the interaction between the central spin and
each environment spin, while v sets the strength of the
deviation from J. We set J = 1 and v = 3/4 in our
simulations.

The unperturbed Hamiltonian can be expressed in
terms of a collective mean field B generated by the envi-
ronmental spins:

§>0

The central spin Hamiltonian Hcg then takes the form
of an effective two-body interaction between the central
spin Sy and the mean field B:

Heog = JS& Bt=J cos(cpo — <pB) SOLBL7 (15)

where ¢o and ¢p are the azimuthal angles of the
central spin and mean field, respectively, and Sy =

+ = /(B*)2 + (Bv)2 denote the pro-

jections onto the xy-plane relevant to the XX interaction.

We investigate chaos and thermalization in the central
spin XX model when perturbed by a spatially inhomoge-
neous z-field. The field strengths, h; € [—1,1], are also
generated using Sobol sampling:

L—-1
V=Y h;S:. (16)
j=1

The sum over j excludes the central spin Sy.

The perturbed central spin Hamiltonian H = Hcg +
0V has a conserved total energy E and total magne-
tization Sg ;. All simulations in the study are carried
out within the microcanonical shell obtained by setting
E =0and S¢, =0.

(o}

A. Superintegrability at zero energy

We prove that the XX central spin model at £ = 0 is
maximally superintegrable by identifying 2L —1 integrals
of motion, which confine the motion to a one-dimensional
closed curve in phase space. A Hamiltonian system is
considered superintegrable when the number of indepen-
dent integrals of motion exceeds L, which is the number
of conserved quantities required to guarantee integrabil-
ity (assuming they are in involution) [19-21]. If there are
more than L functionally independent integrals of mo-
tion, they cannot all be in involution. Nevertheless, each
integral reduces the dimension of the phase space surface
explored by a trajectory. In maximally superintegrable
systems with 2L, — 1 integrals, trajectories in the 2L-
dimensional phase space are confined to one-dimensional
curves. A prominent example of a maximally superin-
tegrable model (without the energy restriction F = 0)
is the isotropic all-to-all Heisenberg model [54-56]. An-
other prominent and well-known example is the Kepler
problem, which describes a three-dimensional particle in
a 1/r potential.

The proof of superintegrability in the £ = 0 central
spin model is presented in App. A. Here, we give a
brief summary of that analysis. The primary observa-
tion is that S¥/S§ = —BY/B" is conserved at zero en-
ergy, as can be directly checked from the equations of
motion. Thus, the angles ¢y and ¢p are conserved in
time modulo 7 and the central spin is confined to a fixed
great circle. In turn, each environmental spin perceives
a time-dependent magnetic field pointing along/against
Sa. In this way, the angle between each environment
spin and the central spin’s projection to the zy-plane is
conserved in time. This establishes I conserved quanti-
ties, where each has support on at most two spins. The
L — 2 additional conservation laws are a consequence of
each environment spin being subjected to the same time-
dependent magnetic field proportional to Si(t). To-
gether with the total magnetization, we arrive at 2L — 1
functionally independent conserved quantities. The en-
ergy is not an additional conserved quantity, as it can be



expressed as a function of the 2L — 1 quantities we have
identified.
Spin dynamics is described by:

So = JSo x BX and Sj = Jg; S; x Sg. (17)

Since the directions of the vectors B+ and Sg are con-
served in time (modulo 7), the central spin precesses
around the mean field’s B+ and the environment spins
precess around the central spin’s projection Sg. Note
that the energetic constraint requires B+ - Sg = 0. The
respective strengths B+ and Sg are not conserved, ren-
dering Eq. (17) as a nonlinear system of equations which
we solve numerically.

We make two observations. (i) Solutions to Eq. (17)
are periodic (see App. A). This is consistent with the
one-dimensional nature of trajectories in maximally su-
perintegrable systems. We can assign a period T' to each
orbit and an angle a characterizing the position on the
orbit. Note that « is not an angle in the action-angle
framework as « is not linearly evolving in time. (ii) The
precession frequencies become small when Si- and B+
are simultaneously close to zero. This regime is impor-
tant in the next section. To characterize this regime, we
introduce the parameter

n=/(55)"+ (B) (18)

The condition 1 = 0 defines a (2L — 4)-dimensional sub-
manifold in phase space. States on this manifold are
frozen because the right-hand sides of Eq. (17) vanish
when Si- = 0 and B+ = 0. These states are analogues of
the dark states in the quantum version of the model [25—
27, 57-59]. Note that it is not possible to define the
conserved quantities for n = 0.

To perform numerical analysis, we select an integral of
motion associated with the central spin:

sy
o =
(552

= sin 2¢yg. (19)
The energetic constraint £ = 0 relates 7y to the analo-

gous quantity for the mean field:

B By
(B*+)?

B =2 =sin2pp. (20)

We emphasize that 79 and 75 have discontinuities when
Bt and Sg vanish, respectively. However, they remain
bounded, and further are constant along trajectories,
even if trajectories pass through S3- =0 or B+ = 0.

Numerical simulations away from the microcanonical
zero-energy shell reveal finite Lyapunov exponents and
anomalously slow relaxation dynamics typical for classi-
cal models with mixed phase space or strongly disordered
models. This refutes the conjectures of Ref. [26] stating
that the classical XX model is integrable.

100 b ;'y' = s - Sz
0 (a) = la(t) - &)
§ 10-3F - Imo(t) = 70(t)| |
§ 1076 )} 1 (b) : r 4
107 -
10—12 ..... 1 1 1 1 (.C.)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time 6t

FIG. 5. A typical trajectory which traverses the chaotic man-
ifold around time ¢t =~ 2|§|”* (gray shaded region). Panel
(a) displays the instability parameter 1 defined in Eq. (18);
panel (b) shows the integral of motion 79 from Eq. (19); and
panel (c) compares two nearby trajectories, S and S. The
blue curve represents their Euclidean distance in spin vari-
ables (initialized at 107'?), the red curve shows the angular
degree of freedom « characterizing the one-dimensional orbit
for § = 0, and the yellow curve tracks the distance between
the two trajectories in terms of the integral of motion 79. We
compute 7o when it penetrates the zy-plane to avoid poles.

B. Effect of integrability breaking

The perturbation V breaks superintegrability in a
highly inhomogeneous manner across phase space, lead-
ing to quantitatively distinct dynamics in different re-
gions. In regions of phase space where 7 is smaller or
comparable to the perturbation strength §, trajectories
rapidly separate in all coordinates, and quasi-conserved
quantities change rapidly as a function of time. We refer
to the thin region of phase space where nn < [d| as the
chaotic manifold. In contrast, when n is large, trajecto-
ries closely follow their 6 = 0 closed curves. We refer to
this region as quasi-integrable. Most of the phase space
lies within the quasi-integrable domain, and we empir-
ically find that the chaotic manifold is traversed only
intermittently, at an average frequency proportional to
|0].

In the remainder of this subsection, we examine the
dynamics within each region. The implications for the
decay of the autocorrelator and the behavior of Lya-
punov exponents and the respective data are discussed
in Sec. IIT C and Sec. IIID. A typical trajectory passing
through a chaotic manifold is shown in Fig. 5. App. B
provides further data supporting our observations.

Quasi-integrable regime. Within the quasi-integrable
regime, either Si- or B+ (or both) exceed the perturba-
tion strength |4|. In this case, dynamics is close to that of
Eq. (17), and the central and environmental spins jointly
precess as in the integrable case. However, there are two
consequences of § # 0: (i) quasi-conserved quantities ex-
hibit a steady drift at a rate proportional to |6], and (ii)
the separation of nearby trajectories is predominantly de-
termined by the angle coordinate describing motion along



the closed orbit at § = 0. We focus on (i), the drift of
the conserved quantities. Point (ii) is a comparatively
straightforward empirical observation.

(i) Quasi-conserved quantities drift linearly with a
velocity proportional to |§]. To demonstrate this, con-
sider the equations of motion for the conserved quantities
7o and g on the E = 0 shell. The perturbation alters
the equation of motion of the environment spins from Eq.
(17) to

0
Sj=JS; x |g;Sg +ao|0|]. (21)
h;

The equations of motion for the central spin observ-
ables are formally unchanged

r\2 _ Y\2 z
o= —258)” — (50)° (fO) S¢Hcs, and po=——20_ s H

L L

(50) (55)

(22)

However, Hcg is no longer a conserved quantity of the full
dynamics. (The fact that the right-hand side is propor-
tional to Hcg is what makes these quantities conserved
on the £ = 0 shell for 6 = 0.) With nonzero §, we
can use the constraint F = Hgg(t) + 0V (t) to re-express
these equations on the £ = 0 microcanonical shell in a
way which explicitly shows their dependence on ¢,

SzV
(53)"

From Eq. (23), we can deduce the linear drift. Con-
sider, for example, the azimuthal angle ¢q. Let T be the
period of the unperturbed motion for a nearby orbit on
the (Hos) = 0 shell in the unperturbed model. The total
change in ¢ over time 7' is given by the integral;

_ s [T SV

If the period T is short compared to |6|~!, as happens
when 7 > ||, and additionally Sy is bounded away from
0 along the trajectory, then it is manifest that Apg =
O(|d]). The trajectory almost forms a closed loop with
period T, up to a small error of order |§|. In the next
period from T to 2T, the integrand of Eq. (24) is also
perturbed by O(6), so that the change in ¢y over two
periods is 2A¢po + 0(52). The accumulation of these
changes over many cycles yields a linear in time drift of
o (and similarly of 79) at an effective rate of |Ayq/T| x
|6]. One can apply a similar analysis to other integrals
of motion. The conclusion about linear drift remains
valid even if Sg- becomes temporarily small while 7 and
hence Bt are still large. In this case, the central spin
trajectory passes close to the poles but quickly moves
past them, closely following a great circle with speed B+.

T\2 _ Y\2
ngv, and ¢o =6
0

o =26 (23)

As a result, the azimuthal angle g jumps rapidly by 7
without affecting the conserved quantity 7o

Linear drifts are not present in conventional integrable
systems. Systems which have L independent conserved
quantities in involution, like the Ishimori chain, have in-
variant tori which are invariant under Hamiltonian flows
generated by any of the conserved quantities, and not
just the actual Hamiltonian [60, 61]. Then, one can show
that if 7 is conserved and V is a perturbation, then the
integral of {7, V} over the torus vanishes. Indeed, let p
be an invariant distribution with respect to all the con-
served quantities, so that {7, p} = 0. This condition is
satisfied for any GGE ensemble. Then

/ (rV}pdS = / ({(r.Vp} — Vir.p})dS =0, (25)

where we used {1, p} = 0, the Leibniz rule for the Pois-
son bracket, and the fact that the integral of a Poisson
bracket over all of phase space is zero. Thus, the lin-
ear drift in conventional integrable systems vanishes, and
conserved quantities decay due to the diffusion of trajec-
tories between invariant tori, which gives the §~2 scaling
of the melting time.

(ii) The angular separation, a can be seen in Fig. 5c.
While the distance in the quasi-conserved quantities (yel-
low) remains small, the two trajectories mainly separate
in the angular coordinate (red). We can not resolve the
functional form of this separation.

Chaotic manifold. The effect of the perturbation on
trajectories changes dramatically when the parameter n
becomes small. As |S(ﬂ is small, the environment spins
precess around magnetic fields of strength éh; pointing
in the z-direction (see Eq. (21)). This dynamics destroys
the synchronization of the environmental spins neces-
sary for regular motion, until 7 again becomes large and
the system resumes its quasi-integrable dynamics. These
qualitative considerations agree with numerical results
suggesting that in this chaotic manifold there are (i) large
changes in quasi-conserved quantities and (ii) rapid sepa-
ration of nearby trajectories within the chaotic manifold
as shown in Fig. 5.

We extract several lessons from Fig. 5. First, we find
that an encounter with the chaotic manifold typically oc-
curs with frequency O(|d]). In Fig. 5a, this occurs near
t ~ 2|6/, where n approaches zero. Fig. 5b shows that
7o indeed undergoes a rapid jump when n ~ 0. Fig. 5c
shows the separation between two initially nearby tra-
jectories, which exhibit a rapid divergence again when
n ~ 0. To quantify the separation, we use both the Eu-
clidean distance in spin coordinates (blue) and the dif-
ference of the corresponding integrals of motion (yellow).

4 While Eq. (24) and Eq. (22) have small denominators when
S(J)- =~ 0, we note that the numerator is also small because Hcg
(appearing in Eq. (22)) is proportional to SOL. This results in a
partial cancellation, and a finite change of Apg &~ 7 when B~ is
large, which does not change 7.
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FIG. 6. Dynamics of 79 as defined in Eq. (19) in the central
spin model with system size L = 46 at varying perturba-
tion strengths ¢. Panels (a) and (b) show the autocorrelators
and spectral functions of 79, respectively. The triangles and
squares mark the melting time Tieir and thermalization time
Tin, respectively. In (a), the correlator is constant, Cr, (t) = 1,
at 6 = 0 (shown in light orange). The insets show rescaled
data, indicating Tmert, Tth o |(5|71. The inset in (b) further
shows that the Lorentzian function (blue dotted line) is a good
fit to -, (w).

Notably, the distance in 7y increases by several orders
of magnitude when 7 approaches zero. The separation
of the angles « also rapidly increases (shown in red), on
top of a slow, steady drift in the quasi-integrable regime.
The acquired difference in 7y leads to a faster separation
in « after the encounter.

To conclude, we return to Fig. 1b. In the quasi-
integrable regime, trajectories closely follow the § = 0
regular trajectories, giving rise to nearly-closed one-
dimensional orbits that are traversed on timescales of or-
der J~1. The integrals of motion experience a slow linear
drift with speed proportional to |d], resulting in a heli-
cal motion: displacement along the orthogonal directions
(spanned by the quasi-conserved quantities) proceeds at a
rate proportional to §, while the circular motion persists
at a characteristic frequency set by J. Upon approaching
the chaotic manifold, the system exhibits strong diver-
gence of nearby trajectories in all phase-space directions
and rapid changes in the integrals of motion.
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FIG. 7. Spectral function of V' with varying perturbation
strengths for the central spin model (with L = 46). The
profile of ®y (w) sharpens as § decreases due to the presence
of a nonzero Drude weight for § = 0. The inset shows the
height of the spectral function at w = 0 for varying ¢, which
scales as 1/T o |6|~* (black dashed line).

C. Decay of autocorrelators

The perturbed central spin model at zero energy re-
laxes on a timescale inversely proportional to the per-
turbation strength, Tier, Ton o |6|7!. The decay of the
autocorrelator of O = 7 is illustrated in Fig. 6, which
shows excellent scaling collapses of both the autocorre-
lator and the spectral function in the insets. Similarly,
other observables decay on a timescale proportional to
|6]7%, as shown in App. E.

The observed scaling is faster than anticipated; stan-
dard perturbative arguments predict Tiers, Ttn < 62,
which holds for the Ishimori chain. In App. C, we prove
that for quantities which have a non-singular Poisson
bracket with the Hamiltonian, Ty, o< |§]71 is the fastest
possible scaling of the thermalization. We note, however,
that this proof does not directly apply to 79 because its
equations of motion have singularities.

We can understand the breakdown of the perturbative
treatment in Eq. (7) through the existence of a nonzero
Drude peak in the spectral function of the perturbation
Vatd=0:

@\/(w) = ths(W) + (I)l{/eg(W). (26)

Note that §(w) in Eq. (26) denotes a delta-function and
not the perturbation strength. The Drude peak in & (w)
is shown in Fig. 7.

The Drude weight can be self-consistently regularized
to obtain a finite prediction for the relaxation rate. Sup-
pose that the integrability-breaking perturbation broad-
ens the Drude peak in ®y(w) to a Lorentzian with a
width I'yy. Then we use this renormalized spectral func-
tion in a standard perturbative calculation to find the
decay rate of 1o: I';, oc 62®@y(0) oc 62T,'. Assuming
that the broadening of the Drude peaks associated with



all observables is the same, i.e., assuming that the system
thermalizes on a single timescale 1/T" with ' =T, =Ty,
we must have

N6’/ = T oldl, (27)
coinciding with the scaling of Tn_lellt and Ttil we observe.
This more phenomenological argument reproduces the
predicted scaling from the analysis of individual trajec-
tories in the previous section.

Notice that superintegrability is very important in this
argument, as in normal integrable models, the conserved
part of V' commutes (has a vanishing Poisson bracket)
with the stationary GGE ensemble and does not con-
tribute to the decay of 79, as in Eq. (25). The micro-
scopic mechanism of decay, as explained in the previous
section, is facilitated by encounters with the chaotic man-
ifold characterized by rapid changes in conserved quan-
tities.

While the initial memory of the autocorrelator is essen-
tially lost after a few encounters with the chaotic man-
ifold, the time to relax to the microcanonical ensemble
value (although also scaling with |§|7!) is significantly
longer, as illustrated in App. B.

D. Divergence of trajectories

The divergence of trajectories can also be attributed
to encounters with the chaotic manifold. Because such
encounters are rare, we observe a broad distribution of
separation times Ty, (defined in Eq. (10)) as illustrated
in Fig. 8.

Unlike in the Ishimori chain, a complete collapse of
the distribution of separation times, as seen in Fig. 4,
is not possible. The mean (red crosses) corresponds to
the Lyapunov times Tjy, and agrees with the timescale
associated with encountering the chaotic manifold, |5~

Within the quasi-integrable regime, nearby trajecto-
ries predominantly separate along the angular directions
associated with the integrable dynamics (red curve in
Fig. 5¢). This separation is slow. Nevertheless, it resem-
bles confined separation—similar to what is observed in
the Ishimori chain and in our solar system [10-14]—in the
sense that trajectories diverge within quasi-invariant tori,
constrained by the presence of quasi-conserved quanti-
ties.

Once the trajectory enters the chaotic manifold, the
situation changes dramatically, and the separation be-
tween trajectories essentially jumps. This is illustrated
in Fig. 5¢ where the separation in 7y jumps in the grey re-
gion from 107!° to 10~%. Empirical observations suggest
that the size of the jump is determined by the previously
achieved separation in the angle variable. Because sepa-
ration between trajectories occurs in a direction which is
not constrained by any approximate conservation laws,
there is no confinement of the two nearby trajectories to
a particular manifold, as happens in the Ishimori chain.
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FIG. 8. Separation time Tsep in the central spin model (with
system size L = 46) at varying perturbation strength §. Dif-
ferent colors show different percentiles of the Tgep distribution
across the phase space. Tiya is shown in red crosses. The low-
est percentile scales approximately as |J| ~2/3 while the highest
percentile scales as |§|7!, as does the mean.

This justifies terming the associated phenomenology as
deconfined chaos.

E. Deconfined Chaos and the SYK model

The perturbed central spin model shares dynamical
properties with certain quantum systems that exhibit
fast thermalization, like the Sachdev-Ye-Kitaev (SYK)
model, strange metals, or models of black holes [29]. The
analogy is seen by identifying temperature Ticmp in these
quantum models with the integrability-breaking param-
eter 0 in the classical models we analyze here.

In conventional systems like Fermi liquids, the relax-
ation rate (and hence resistivity) scales as Tfemp /J, where
J is some fast microscopic energy scale set, e.g., by
the Fermi energy. Likewise, in the conventional con-
fined chaos scenario realized, for example, in the Ishimori
chain, we have I' oc 62/J. This similarity is not a coin-
cidence, as both results follow from perturbation theory
(FGR or more generally, kinetic approaches).

In the SYK model and other mentioned models, the re-
laxation rate is linear in temperature I' o< Tiemp and does
not depend on the microscopic scale J. Similarly, in the
central spin model, the relaxation rate I o« 4| and also
does not depend on J. Both in the SYK model and the
central spin model, this rate saturates the upper bound
for the relaxation rate, so both models are maximally
ergodic.

Further, in both the SYK model and the central spin
model, the Lyapunov scale defining the separation time
for initially nearby trajectories—as measured by the out-
of-time-order correlator (OTOC) in SYK—also scales as
Tiemp O |0], respectively. This is to be contrasted with
the confined chaos models where the separation time is
either much shorter than the relaxation time, like in the
Ishimori chain, or is not even defined (as there is no ex-
ponential growth of the OTOC) [62, 63].



More studies are needed to determine whether these
parallels go beyond mere observation. Classical systems,
such as the ones studied here, provide a detailed micro-
scopic mechanism for deconfined chaos. It remains to be
seen whether the associated properties, e.g. very broad
distributions of timescales, can be extended to quantum
models. For the central spin model, the dynamics is ex-
pected to be the same (in the large L limit) irrespec-
tive of the spin size [26]. Conversely, in Refs. [64, 65],
it was found that the dynamics of the SYK model is
well described by the truncated Wigner approximation
(TWA) at infinite temperatures, where time evolution is
purely classical. Therefore, such an extension to quan-
tum regimes should be possible, and the deconfined chaos
mechanism should be applicable to quantum superinte-
grable models as well.

IV. CONCLUSION

We have described deconfined chaos, a new scenario
for thermalization in weakly perturbed integrable sys-
tems (see Fig. 1). Systems with deconfined chaos ex-
hibit Lyapunov instabilities and relaxational dynamics on
the same characteristic timescale, in contrast to confined
chaotic systems in which Lyapunov instabilities asymp-
totically precede relaxation (see Fig. 2). We understand
deconfined chaos to be a consequence of the inhomogene-
ity of phase space; upon weak perturbation, chaos is re-
stricted to a thin manifold in which the natural timescales
of the integrable dynamics are sufficiently long. As tra-
jectories traverse this manifold, they are very sensitive
to the perturbation, and few-body observables (and in
particular conserved quantities associated with the in-
tegrable point) relax during the traversal. We have pre-
sented two case studies in classical spin systems, one each
for the scenarios of confined and deconfined chaos.

A secondary result is the unusual phase-space structure
of the classical central spin model with XX interactions.
It is maximally superintegrable in a single energy shell,
and empirically non-integrable in all other energy shells.
We are not aware of other models with this structure.

A third result is that the perturbed central spin model
relaxes on the fastest possible timescale, Ty, o |6]71,
where § is the strength of the perturbation. This is rem-
iniscent of maximally ergodic models, such as the SYK
model. We find that it is the superintegrability of the
central spin model that underlies the emergence of this
fast non-perturbative relaxation. Superintegrability is re-
sponsible for macroscopic degeneracies of unperturbed
orbits (energy eigenstates in quantum language), lead-
ing to their linear drift under weak perturbations and
rapid decay upon encountering the thin chaotic mani-
fold. From the strong similarity between the relaxation
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of central spin and SYK models, we speculate that the
zero temperature limit of the SYK model may also be su-
perintegrable. Further supporting this speculation is the
fact that the SYK model has a nonzero entropy density
as zero temperature is approached, which is reminiscent
of the frozen macroscopically degenerate manifold in con-
figurations at zero energy in the central spin model.

Extension of the phenomenology of confined and de-
confined chaos to quantum models is an interesting future
direction. Instead of studying Lyapunov instabilities,
which often do not show up in quantum systems [63, 66],
one can analyze two-point correlations between angle
variables. The connections to SYK-like models and fur-
ther consequences for quantum models need further ex-
ploration.

Another avenue for future work is the necessary and
sufficient conditions for deconfined chaos. In our exam-
ple, the essential ingredient is the inhomogeneity of phase
space, which is a consequence of maximal superintegra-
bility in an energy shell and the mean-field character of
the model. Determining whether these properties are
necessary for deconfined chaos in classical and quantum
settings is an interesting open question.

Another direction is to sharpen how energy may be
treated as an effective “integrability-breaking perturba-
tion” in the unperturbed central spin model with XX
interactions. At generic values of the energy, numer-
ical simulations find features reminiscent of glassy dy-
namics: long thermalization times, a power-law decay
of correlation functions, and inhomogeneous phase space
portraits with chaotic and regular regions. While the §-
perturbation we analyzed here leads to maximally fast re-
laxation of the central spin model, perturbing the model
differently leads to an opposite regime of slow thermaliza-
tion. This is reminiscent of “sticky” dynamics near the
boundaries between chaotic and regular regions in phase
space [67, 68]; the XX central spin model may provide us
with a many-body example of stickiness.
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Appendix A: Superintegrability in the XX central
spin model at the zero energy

We prove that motion in the central spin model with
XX interactions defined in Eq. (13) in the main text is
regular in the zero-energy manifold (F = 0). Specifi-
cally, we show that this manifold is superintegrable by
identifying 2L — 1 independent integrals of motion.

To establish integrability in a Hamiltonian system of
L spins at least L (functionally) independent integrals of
motion I;:

% ={l;,Hcs} =0 (A1)
t
that are mutually in involution {I;, I;} = 0 are required.
The Liouville-Arnold theorem then guarantees that every
trajectory is regular [61].
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A model is considered superintegrable if additional in-
dependent integrals of motion are present [19-21]. Each
such additional integral reduces the phase space dimen-
sion available to the system’s dynamics, so that the tra-
jectories in a system with L+ M independent integrals are
restricted to a L. — M-dimensional manifold. The £ =0
manifold of the central spin model is an extreme case of
superintegrability, also called maximally superintegrable,
with 2L — 1 integrals of motion restricting trajectories to
one-dimensional closed orbits.

We start by constructing one conserved quantity I;
per spin. Consequently, the motion of each spin is pa-
rameterized by a single angle, «;(t), rather than the two
angles needed to specify a point on the unit sphere, and
each spin’s trajectory is confined to a circle on the sphere.
We note that these angles do not form action-angle vari-
ables with the conserved quantities I; because they do
not evolve linearly in time. We then construct L — 2 ad-
ditional, independent conserved quantities @); for j > 2
from the obtained parameterization by deriving the equa-
tions of motion for «;. Together with the total mag-
netization S&,, the set {Io,...,Ir—1,Q2,...,Qr_1,5%}
contains the 2L —1 independent integrals of motion, when
restricted to the £ = 0 manifold.

The mean field experienced by the central spin, B+ =
(B*, BY, 0) = 3509 (%, SY, 0), plays a crucial
role in proving the superintegrability of the model. In
terms of the mean field, the Hamiltonian is:

Hgs = Sg - B, (A2)
It follows that E = 0 enforces that the transverse mean
field generated by the environment spins is orthogonal
to the transverse components of the central spin at all
times.

We find that the following quantity is conserved within
the zero-energy shell

Sx
Ip = =2 = cot(pp).

- (43)

Using the equations of motion, S¥ = SgBY and Sg =
—S§B”*, we find,

 SgSy-SgSy  S;

SZ
Y py T RT\ __ 0
Si2 = Si2 (SgBY + S5B") = Hcs.

Iy e
(A4)

Thus,

Iy =0for E=0, (A5)
as required for a conserved quantity. The conservation of
Iy is equivalent to the conservation of ¢y mod .
Accounting for the constant magnitude Sg-Sg = 1, the
motion of the central spin is confined to a great circle on
the sphere perpendicular to the axis of the mean field.
The motion is parameterized by ag(t), the angle between
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Sp and the z-axis,

) 1
sin(ao(t)) 10 + cos(ap(t))

VI+IE \ g

The angle ag(t) does not increase uniformly in time;
indeed, there are trajectories in which Sy only explores a
part of the great circle for all times.

The motion of every environment spin is also restricted
to a circle on the unit sphere. Each environment spin ex-
periences a field in the xy-plane along the constant axis
determined by (S%, S§,0) « (o, 1,0). Although the mag-
nitude and sign of the field vary with time, the direction
is unchanged. Consequently, the angle between S; and
the constant axis is a constant of the motion:

So(t) = (A6)

—_ O O

I\ [S¢
L=|1]-(8)=rns+s (A7)
0 S

We can explicitly check that I; is conserved using S’;” =
955057 and SY = —g; S5 5%

. Szee
I = ;y; Hes =0 for E = 0. (A8)
0

As in the case of the central spin, each environment
spin’s motion is parameterized by a single angle, «;(t).
This is the angle between the z-axis and the spin’s pro-
jection on the plane perpendicular to (Iy,1,0):

Iy 2 2 [0
I 1+ 12— 12
S;(t)=—2— [ 1] +cos(a;(t))y ] —2L—"2
! 1+15 \ / 1+ 13 1
JI+ =17 (1
+sin(oy(t) —o [ =10 | . (A9)
! 1+ 13 0

Using Sf = g;5y S and the derived parameterization
in Eq. (A9), we obtain the equation of motion for «;(t):

. 1+ =17
S} =g;505; =

= +———— cos(w;j)d;.

1+ 12 (A10)

By further substituting S? from Eq. (A9), we arrive at

L+ I§S5 = g1/ (S5)* + (50)* = g5 sin(ao).

(A11)

@j = gj

Thus, the dynamics of every environment spin’s angle is
determined by the angle of the central spin. Eq. (All)
immediately identifies the remaining L — 2 integrals of
motion:

(A12)
(A13)

Qj = glozj —gjal fOI‘j 2 2
Qj = g19; sin(a) — g1g; sin(ag) = 0.



We have defined @); with respect to the first environment
spin, but gya; — gjay is conserved for any two environ-
ment spins j, k.

For completeness, we write the equation of motion
for g, which defines the motion of the central spin
and, therefore, governs the entire system. Using S§ =
>, 955557 and the parameterization in Eq. (A6):

Iy
ST =>"9;555% = ———= cos(ag)do. (A14)
J . J /1+Ig
V1413
(7)) IO zj:g] 7
VI +TO IoyJ1+ 15— 17
Z 1+I2 Tz )
L+1-17
= Zgj T 12 L sin(a;)
141§ - I7 Qj + g
=— ; s . Al5
zj:gj 1413 m< 9 ) (A15)

Above, we have used Eq. (A12) and }; g;; = 0, which
holds almost everywhere with £ = 0 since

L—-1

sin(a
HCS = M Z ngj' (A].G)

We emphasize that the conservation of
E=0.

To demonstrate the functional independence of the
conserved quantities, we construct a diffeomorphism be-
tween a dense open subset of the old coordinates S
and a dense open subset of the new coordinates T :=
(0417 @0,]17 ey IL—17 QQ, ceey QL—l; Stzot)’ where ®o is the
azimuthal angle of the central spin. Given a spin config-
uration S, we obtain all I; and «; (and SZ.,), which in
turn define (), and thus a point in T. The inverse map,
from T to S, is obtained in the following way. From ¢y,
we obtain Iy = cos(pg)/sin(pg). Eq. (Al2) obtains «;
for every environment spin with j > 2, given oy and Q).
Eq. (A9) then determines S; for j > 1. Lastly, we can
use the total magnetization to obtain the polar angle of
the central spin, 6y = arccos (Sfot =21 cos(9j)>7 and
thus So.

In the T coordinates, only a7 and gy vary in time.
However, ¢ only takes two discrete values within [0, 27):
o = cot™1(Iy) & nm for n € Z, restricting the dynam-
ics of ay € [0,27) and ¢g € {cot~*(Ip),cot ™ (Ip) + 7 }.
The two discrete values taken by ¢ distinguishes be-
tween two points in phase space where &; > 0 and
&1 < 0. This can be seen from Eq. (All) since ¢
changes when agy changes sign. Thus, trajectories are
restricted to one-dimensional manifolds, which implies
that they are periodic for almost all initial conditions.

I;,Q; requires
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The variable «, as used in the main text, refers to a pa-
rameterization of the orbit in terms of «; and the set
{cot™(Iy), cot™ (Ip) + 7}

Appendix B: Supplementary data for the perturbed
XX central spin model at zero energy

This section provides supplementary data supporting
the claims made in Sec. III of the main text. Specif-
ically, we demonstrate: (i) that perturbed trajectories
remain close to the integrable dynamics for the majority
of phase space; (i) additional evidence that the decay
of the autocorrelator is driven by large changes associ-
ated to the thin chaotic manifold defined by n < |4;
and additionally (ii7) that the time required to recover
the microcanonical distribution of an integral of motion
exceeds the thermalization time T}, extracted from the
decay of the autocorrelator.

(i) Perturbed trajectories remain close to the in-
tegrable dynamics, and unperturbed trajectories with
longer periods are less stable than trajectories with
shorter periods. We sample points within the zero-energy
shell of Hcg and determine the period 7. We then
evolve initial conditions sampled from this trajectory for
time T under the perturbed Hamiltonian Hcg + 6V.
Thereby, we define the distance of the initial and final
points divided by T to be the average separation rate:

= [|S5(0) — Ss(T")||2/T. Fig. 9 shows the probability
distribution of the separation rate divided by the per-
turbation strength, PDF[e/d]. The data collapses across
several orders of magnitude in 4, indicating that the rate
scales linearly with the perturbation strength. The in-
set displays the dependence of the separation rate on the
period T', which also collapses under the same rescaling.
We observe that the separation rate increases with 7.

(i) We associate the encounters with the chaotic
manifold as the underlying mechanism behind the broad
distribution of decay times. To illustrate this, we
evaluate numerically the change in the autocorrelator,
AC,,(T), over a fixed time interval T for various values
of § and different trajectories:

70(T")79(0)
(10(0)70(0))

Here, A1y(T) = 10(T") — 70(0) refers to the change in 7
over T and the autocorrelator is Cr, (T) =1+ AC,,(T).
7o is bounded within [—1, 1], symmetric around zero, and
(10(0)719(0)) evaluates to 1/2. Crucially, AC;, can take
values [—4,1/2].

The probability density of AC,, rescaled by |§]~*
shown in Fig. 10a. The inset shows the mean of the
distribution, revealing a linear decay with |§|. While the
bulk of the distribution is symmetrically centered around
the peak, we find a long tail of the distribution, whose
mass scales as |J], as indicated by the data collapse. The
height scaling, along with the asymmetric support of the

AC,,(T) = (B1)
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FIG. 9. Probability distribution of the separation rate after
one period, defined as ¢ := ||S5(0) — Ss(T)||2/T, rescaled by
the perturbation strength §. The trajectory Ss is evolved for
a time 7', which corresponds to the period of the unperturbed
(6 = 0) dynamics. Shadings for each § in the main panel rep-
resent one standard deviation error bars and are barely visi-
ble. The inset shows the rescaled separation rate as a function
of T'. Here, med denotes the median of all samples within a
given time window. We have used at least 10° samples and
set L = 46.

distribution of [—4,1/2], results in a linear dependence
of the mean on |d].

The tail arises from rare, O(1) deviations in 79, which
occur only within the chaotic manifold. For all trajec-
tories with a given AC;,, we compute N, the minimal
value of 7 (defined in Eq. (18) in the main text) within
the evolution until time 7. Then we plot the median of
Nmin as a function of AC;, in Fig. 10b. We find that
trajectories near the peak of the distribution (with small
|AC;,]) tend to exhibit large values of 7, consistent with
regular behavior. In contrast, the tails of the distribu-
tion correspond to trajectories with small values of 7,
indicating that they have traversed the chaotic manifold.

(ii) The time required for a single trajectory to ap-
proximate the microcanonical ensemble significantly ex-
ceeds the thermalization time T}y, as defined by the de-
cay of the autocorrelator. While a few encounters with
the chaotic manifold are sufficient to erase memory of
the initial conditions, they do not guarantee adequate
sampling of the full microcanonical distribution. This is
demonstrated in Fig. 11, which shows the evolving distri-
bution of 7y for three individual trajectories (red, black,
and yellow) over progressively longer evolution times (in
units of Tiy,, which depends on 6) and for three distinct
values of §. At each multiple of Tiy, the distributions
exhibit qualitative similarity across the different § val-
ues. Notably, only after 10007, (final column) do the
trajectories converge to the microcanonical distribution
(blue). These results confirm our expectation that the
time needed to approximate the microcanonical ensem-
ble scales as Tty extracted from the decay of the autocor-
relation, but takes significantly longer.
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FIG. 10. Numerical evidence that the decay of the autocor-
relator in the central spin model originates from rare encoun-
ters with chaotic manifolds. The x axis shows the change in
the autocorrelator AC7, of 79 as written in Eq. (B1). The
simulation time is 7' = 100/J. Panel (a) shows the probabil-
ity density of AC,,, rescaled by 6~'. The inset displays the
mean of the unscaled distribution as a function of 9, revealing
a linear dependence. Panel (b) shows the median of the min-
imal value 7min observed within the simulation as a function
of AC,,. We used 10° samples, and the system contained
L = 46 spins.

Appendix C: Lower bound on the thermalization
time

In this appendix, we derive a general lower bound for
Tin- It follows from a simple application of the triangle
inequality to bound the value of the autocorrelator given
a bound on its derivative. The proof applies with minimal
alteration to either classical or quantum systems. We
begin with classical systems.

Consider a conserved quantity @@ of an unperturbed
Hamiltonian Hy (which need not be integrable), and its
time evolution @Q(¢) under a perturbed Hamiltonian H =
Hy + 0V. We will prove that the thermalization time
Ty,—the time needed for Co(t) to relax to (Q)*/(Q?)
in a stationary state of H—is lower bounded as

1 Var(Q)
{Q. V) (@)

Tin > (C1)

where Var(Q) = (Q?) — (Q)?, and (- - ) is an expectation
value in the stationary initial state of H.

We begin by deriving a bound for the normalized au-
tocorrelator

(Q1)Q(0))

QO)QO))” (C2)

Co(t) =
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FIG. 11. Ergodicity in the central spin model for L = 46. Each panel displays the normalized time-averaged observable

To, computed over progressively longer time intervals (given in units of the thermalization time Tin).

The thermalization

time Ty is determined from the spectral function, as shown in Fig. 6b of the main text. For each interval, 10° equidistant
measurements were performed. The blue curve corresponds to the microcanonical distribution, while the other colors represent
three distinct trajectories. Columns indicate multiples of T, while rows correspond to different values of the parameter 4:

6 =1/80 (JTwm ~ 389), § = 1/640 (JTon ~ 2954), and § = 1/5120 (JTh, ~ 22780).

where Q(0) = Q. We have
(@) 0:Cq(t) = ({Q(t), H}Q(0)) (C3a)
= ({Q. Hy + 6V}Q(—t)) (C3b)
=0({Q,V3}Q(-1)). (C3c)

In the second line, we used the stationarity of the distri-
bution to shift the time evolution to the second factor of
Q. In the last line, we used that @ is conserved by H,
{Q7 HO} =0.

We want to replace the expectation value in Eq. (C3c)
with a simpler upper bound. The absolute value of an ex-

pectation value | (AB) | can be bounded as \/ (A?) (B?)
by the Cauchy-Schwarz inequality.
Thus, for the autocorrelator, we have
Q.V)
o] < joly/ L) — s, (o)

(@%)
where we used that (Q?) = (Q(—t)?) in a stationary
state. Note that the constant M does not depend on the

system size when V' and @ are either local operators or
extensive sums of local operators.

The bound on the derivative Eq. (C4) immediately
translates to a bound on the decay of the autocorrelator,

t
Cot)-11=| [ aCo()ar|  (Coa)

0

t
< [cot)ar (csb)

0
< || Mt. (C5c¢)
We take t > 0.

This bound on the autocorrelator can be reinterpreted
as a bound on the thermalization time Ty,. Say we de-
fine Ty, as the smallest time such that Cg(t) remains
within some small window ¢ > 0 of its equilibrium value
Co() = /<Q2> <1 for all t > Ty,

ICQ(t) — Co(o0

The reverse triangle inequality allows us to relate this
condition to our bound on Cg(t),

1= Co(o0)| = [Cq(t) = Co(0)|| < [Colt)—1] < [6]Mt.
(C7)

)| <e forallt>Ty >0. (C6)



Setting t = Ty, and |Cg(t) — Co(o0)| = €, we have
11— Cg(o0) — e] <[5 M T, ()

Reinstating the explicit expressions in terms of @) and V|
we arrive at a bound on Ty,

7, s LI0=9(Q% — (@7
{Q. V") (@
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The case of interest is ¢ < 1. Our bound is finite as
€ — 0, so for small enough ¢ we must have

1 Var(Q)
o1 viy) @)

(C9)

Tin > (C10)

which is Eq. (C1).

We note that our bound is properly a bound on the
time required for C(t) to first cross its equilibrium value.
There may be a tighter bound which properly incorpo-
rates the condition that Cg(t) must remain close to its
equilibrium value for all later times. However, we believe
the scaling with ¢ in this bound is already optimal.

A subtlety in the application of this bound to the cen-
tral spin model is that, because only the £ = 0 manifold
in Hy is integrable, for most of the conserved quantities
we do not have ({@, Ho}) = 0 in stationary states of
H = Hy + 0V. Indeed, for the observable 1y studied in
the main text, we have {7y, V} = 0, as these operators
have disjoint support. The non-conservation of 7y relies
on the microcanonical shell deforming to include parts
of phase space where ({79, Ho}) # 0. In this case, it is
appropriate to skip the step in our derivation where we
set ({Q, Ho}) =0, and use a more general bound

Var(Q) _
({Q, H}?) (Q%

For the central spin model, we have that |[{ro, H}| =
|0|W, where W is a singular function on the E = 0 mi-
crocanonical shell. Numerically, this singular function
appears to have a finite integral as § — 0, but we can-
not rigorously confirm that the resulting bound on T}y, is
(9(|5 \*1) in this case. The bound will also typically not
be O(1) with system size, because the rate of evolution of
an observable supported on the central site is generically
O(L) with our choice of normalization of H.

Another straightforward generalization of this bound
is to use the more general Holder inequality rather than
the Cauchy-Schwarz inequality. We have |(AB)| <

(|A[PYY? (|B|2)*4 for any p,q > 1 such that 1/p+1/q =
1. Thus, we have

Tin >

(C11)

Var(Q)
({Q, HYIP)"'P (Qlay/*

for any such p and ¢. The scaling of Tt,, with 0 is the same
in this version of the bound, but the quantitative bound

Tin > (C12)
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may be improved by taking p # 2 (which reproduces
the Cauchy-Schwarz inequality) for certain instances of
@ and H. For instance, taking p = 1, ¢ = oo, we have

Var(Q)
HQ. /M) @l

where ||Q]|oo is the essential supremum of |@Q| in the
steady state defining the autocorrelator.

Finally, we provide the quantum generalization of these
bounds. All steps of the proof follow through identically
upon replacing Poisson brackets with commutators (we
set i = 1), except for the Holder inequality. This step be-
comes more complicated due to non-commutativity. For
general complex matrices A and B and a quantum state
p we have

T > (C13)

(ATB) = Tr [ATBp] =Tr [pTATBpI*T], (C14)

where r € [0, 1]. The Holder inequality for the trace gives

[(ATB) | < Tf[(p’”ATApr)p/z} ‘1/”

X Tr[(plf’“BTBplf’")Q/Z} 'Uq, (C15)

for any p,q > 1 such that 1/p+ 1/q = 1. This factor re-

places (|A|P)"? (|B|?)"/ in Eq. (C12). Particular cases
of interest are r =p =1, ¢ = o0,

Tth > Var(Q) )

T [/ol1Q, HIPP| Q11

(where now ||Q|| is the maximum singular value of Q),
and the Cauchy-Schwarz case of r =1/2 and p = ¢ = 2,

T > Var(Q)

~ VAR HIP) (@)

(C17)

Appendix D: Correlators and spectral functions

In this section, we explain how the autocorrelators and
their spectral functions are numerically computed. We
also detail the procedure used to suppress statistical noise
in these quantities while maintaining computational effi-
ciency.

A naive computation of the correlator using Eq. (4) re-
sults in significant errors due to finite sampling of the mi-
crocanonical shell. While these errors can be suppressed
by sampling more trajectories, there exists a simpler al-
ternative. As done in Ref. [32], we consider the time-
averaged quantity for the correlator:

T
OO0 = lim 7/ dr (O(r + H)O()) ,

-T

(D1)

where T is the evolution time. This quantity (O(t)O(0))
time-averages the correlators with fixed time difference
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FIG. 12. Autocorrelator and spectral function for varying perturbation strength § of non-conserved observables Z Zic and ZZcsg
defined in Eq. (E1) for the Ishimori spin chain and central spin model, respectively. Panels (a) and (b) show the correlators
Czz,c(t) and Czzg(t), while their insets depict the scaling collapses upon rescaling time. Note that the y-axis is reduced
compared to the plots in the main text, as the autocorrelator does not decay to zero. Panels (c) and (d) show the spectral

functions ®zz;(w) and Pzz.(w), respectively. In panel (d), the dashed line indicates the w

~! scaling. We observe scaling

collapse in the insets by rescaling. The blue dotted lines indicate approximate Lorentzian fits (up to some scalar constant).
These results for the non-conserved observables align with our main results that Ther, Tin o< 2> for the Ishimori spin chain
and Tmelt, Tth o |6|71 for the central spin model. Parameters used: L = 45 for the Ishimori chain and L = 46 for the central

spin model, F = 0, and S¢,; = 0 for both.

t in a window of width 27 about 7 = 0. It is also
simple and efficient to compute. To show this, consider
the Fourier transform of this quantity—the spectral func-
tion. Define a window function wy(t), which is unity for

€ [-T,T] and zero otherwise, and the windowed ob-
servable O7(t) = wr(t)O(t). Then, the spectral function
is given by the following;:

T
— twt
Do (w) = Tlgr;O T /OO dte [T dr (O(T +t)O(7))
1 (oo} i [e.e]
BT . dte™? /_Oo d7 (O (T + t)Op(7))

= 7 {0r(@0r(-w)) = 7 (10r@)|") . (D)

where we approximate the 7' — oo limit with a suffi-
ciently large T'. The first equality on the last line is due
to the convolution theorem while the the second equal-
ity is a consequence of O(t) being a real-valued function.
Here, Op(w) refers to the Fourier transform of the win-

dowed observable.

From Eq. (D2), it is evident how this method has bet-
ter convergence properties: the contribution from each

trajectory to the spectral function from |Or(w)| ? is man-
ifestly positive while that from (O(¢)O(0)) in Eq. (5) in
the main text is not necessarily positive. Then, the time-
averaged correlator (O(¢)O(0)) can be computed by tak-
ing the inverse Fourier transform of Eq. (D2). To com-
pute Eq. (D2), we first compute O(t) for =T <t < T by
evolving forward and backward in time using two copies
of the initial trajectory, and then we compute Op(w)
by performing a fast Fourier transform (FFT) operation
on O(t). Finally, we simply compute the phase-space
average to obtain (|Op(w)| 2>. Indeed this method of
finding (O(¢)O(0)) is quite efficient because performing
FFT takes O(N log N) time, where N is the number of
time steps in the evolution, while a naive computation of
{O(t)0(0)) using Eq. (D1) is an O(N?) operation.
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strengths for the Ishimori chain (with L = 45). The data
shows saturation of ®y (w) for all values of ¢ as the perturba-
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Appendix E: Dynamics of other observables

In this appendix, we consider non-conserved observ-
ables to show that the scalings of our relevant timescales
(T, Tiya, Twmelt, and Tin) are identical even for non-
conserved quantities. Namely:

L—-1 L-1
ZZic=Y SiS;, and ZZcs= Y g;8;S;, (E1)
j=0 j=1

for the Ishimori spin chain and central spin model, re-
spectively.

In Fig. 12a and Fig. 12b (Fig. 12¢ and Fig. 12d),
we plot the correlators (spectral functions) of ZZ;¢ and
Z Zcs, respectively. First, we numerically confirm that
these observables are not conserved in the integrable
limit (6 = 0) by observing that the correlator Czz,(t)
(Czz.(t)) decays from the initial value as shown by the
orange line in Fig. 12a (Fig. 12b). For || > 0, the cor-
relators thus decay to the plateau reached by the orange
line on the scale T,,. We find that T, oc §°. Notably,
both Czz,(t) and Czz,.(t) decay to nonzero values,
consistent with the presence of large Drude weights in
the corresponding spectral functions. We remark that
T, occurs at a much later time than for the observables
studied in the main text (for the same value of 4).

Nevertheless, we observe the same scaling collapses of
the correlators (at late times) and their respective spec-
tral functions (at low frequencies): Tiert, Tin o< 62 for
the Ishimori spin chain and Tper, Ttn o |9 |_1 for the cen-
tral spin model. We also find Lorentzian shapes of the
spectral functions in the Ishimori chain.

However, in the central spin model, the spectral func-
tion is now slightly modified. Instead of the expected w2
scaling throughout the whole region of w 2 I", we observe
an intermediate region that scales as w™! before saturat-
ing to a constant at a lower frequency (see Lorentzian fit
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shown as blue dotted line in the inset of Fig. 12d). Note
that we also see this for @y (w) in Fig. 7 in the main text.
The inset of Fig. 12d shows that this w~! region has the
same, fixed frequency range across different d’s.

Finally, we conclude this section by computing the
spectral function @y (w) for the Ishimori spin chain in
Fig. 13, complementing Fig. 7 in the main text. In con-
trast to ®y (w) in the central spin model, here the Drude
weight is zero as we observe no broadening of the spec-
tral function as § increases. This aligns with our main
results that the timescales in the Ishimori spin chain fol-
low standard perturbation theory since @ (0) < occ.

15

10

>
PETENENTN EERNETRIEN B S i PR |

(log|r(t) = 7(£)[) — log(6)

ol vt v v v
100 150 200 250

[en]
ot
[e=]
w
o
=]

20

15

10

T T
!

0....I....I....I....I....I....
0 50 100 150 200 250 300

Time ¢

(log |70 (t) — 7o(t)[) — log(6)

FIG. 14. Lyapunov exponent measured by an out-of-time
ordered correlator (OTOC). Given an initial spin trajectory
S, we find its perturbed counterpart S by rotating each spin of
S along the z-axis by angle 6. Using S(¢) and S(t), we measure
O(t) and O(t) and compute the difference |O(t) — O(t)| for
different values of 6. Panel (a) refers to the Ishimori chain
with L =45 and § = 1/5 (O = 7 from Eq. (2) in the main
text) while panel (b) refers to the central spin model with
L =46 and § = 1/5 (O = 79 from Eq. (19) in the main
text). The exponential growth rate of |O(t) — O(t)| agrees
with At as shown by the dashed line in each plot, where A
is numerically computed using ChaosTools.jl [70], which is
based on Ref. [37].



Appendix F: Lyapunov exponents and
out-of-time-correlators

Here, we provide provide an alternative approach for
extracting Lyapunov exponents using the out-of-time-
correlator (OTOC), which agrees with the Lyapunov ex-
ponents computed using the divergence of trajectories.

The Lyapunov exponent can also be measured via the
out-of-time ordered correlator [39] in both classical and
quantum systems (in the semi-classical regime). The
OTOC can be defined for observables A and B and is
measured as OTOC = ({A(t), B}?). Prior work has
shown that the growth rate of the OTOC is set by twice
the Lyapunov exponent [39]. Equivalently, we can also
compute |O(t) —
spin states S and S to measure O and O respectively.
The state S is initialized by rotating each spin of S about
the z-axis by some angle 6. This quantity—the difference
between the observable and its perturbed counterpart—
is equivalent to the OTOC up to leading order in 6. To
observe this, let’s denote the generator of our rotation as
R =), S7 such that O(0) =~ O(0) + 6{O(0), R}. Since

H is the generator for time evolution, where

6(t)| where we use two nearby initial

O(t) = 0(0) + HO(0), H} + - {{0( ) HY H} +...,
(F1)
we can show that (up to first order in 6),
0(t) = O(#)| ~ [8]|{0(0), R} +t{{O(0), R} , H}
2
+ LLHOWO), RY Y HY + ...
' (F2)

In the case that {R,H} = 0, it is straightforward to

show that |O(t) — O(t)| =~ |0||{O(t), R}| o |8]e*. Thus,
taking the S%uare before ghase space averaging ylelds
OTOC = |0]* ({O(t), R} |°) o [0]°¢2*. On the other
hand, if {R, H} # 0 (which is true for both our models),
then it can be shown that (up to O(t?) corrections)

|0(t) = O()] ~ |0]{O(t), R} +{R(t),0(0)}], (F3)
which still scales as |f|e* if we assume that each term of
the summation scales as e*. N

We measure this quantity |O(t) — O(t)| for differ-
ent values of ¢ and find the scaling relationship
|O(t) — O(t)] o< |8]eM for sufficiently small values of 6
(measured in radians). In Fig. 14, we measure 7 (for the
Ishimori chain) and 7y (central spin model), which are de-
fined in the main text, and compute (log|O(t) — O(t)] ).
Note that in Fig. 14 we take the phase space average after
applying the logarithm. This ensures that we are com-
paring against (A)¢. As expected, |O(t) — O(t)| grows
exponentially with its rate set by the Lyapunov expo-
nent A.
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Appendix G: System-size dependencies of timescales

In this section, we consider how the timescales (Tiya,
Tert, and Typ) vary with system sizes at a fixed pertur-
bation strength. This complements our main results that
mostly dealt with scaling relationships with varying per-
turbation strengths at fixed system sizes. In summary,
we find that Tiya, Tmerr o< 1/log(L) while Ty, o LY in
both of our models using the conserved observable 7 and
T0-

In (a) and (b) of Fig. 15, we compute A (and thereby
Lyapunov time Tiy, = 1/A) for various system sizes in
both models and find that A « log(L), as indicated by
the dashed black lines. This logarithmic divergence is
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FIG. 15. System-size dependencies of timescales. Panels

(a,c,e) refer to the Ishimori spin chain, while (b,d,f) refer to
the central spin model. (a) and (b) present the finite-size
effects of the Lyapunov time Tiy,. The dashed black lines in-
dicate the 1/log(L) fits. (c¢) and (d) show the melting time
Tmert while (e) and (f) show the thermalization time Tiy; these
were obtained using correlators and spectral functions of the
same observables used in the main text (torsion 7 for Ishimori
spin chain and 7o for central spin model). In (c) and (d), the
dashed blue lines show the 1/log(L) fits. The § used for each
plot is shown in its respective legend.
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FIG. 16. Evidence for diffusion of S§ in the Ishimori spin
chain. We compute the spectral function of the local observ-
able S§ in the Ishimori spin chain for different system sizes
at a fixed § = 1. As L grows, we observe a growing diffusive
regime with w™/2 scaling, as indicated by the red dashed
line. The inset illustrates the scaling collapse after rescaling
sz (w)/L against wL?. Note that we choose § = 1 to access
the diffusive regime for the system sizes shown here.

likely due to the order of limits taken. If we take L — oo
first and then T" — oo, where T is the simulation time,
then we expect to observe no logarithmic divergence of
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A. In our work, we take T — oo first and then L — oo.

Now, we focus on the finite-size effects of melting time
Tmert and thermalization time Ty, shown in (¢) and (e)
of Fig. 15 for the Ishimori spin chain and (d) and (f) of
Fig. 15 for central spin model, respectively. Our data
suggests that Ti, approximately saturates to a constant
value at sufficiently large L while Ti,0)¢ keeps slowly de-
creasing with L and in the range of system sizes we ana-
lyzed can be approximated by Tiers o 1/log(L) as shown
by the dashed blue lines in (¢) and (d) of Fig. 15. We,
however, do not know if this trend continues for larger L
or if Tie also saturates. Interestingly, despite the fact
that one model (Ishimori) is local and the other (cen-
tral spin) is infinite range, they both have very similar
weak scaling of relevant timescales with the system size.
For the central spin model, independence of the thermal-
ization time on L is expected due to the lack of spatial
locality. For the Ishimori chain, as explained in Sec. II D
in the main text, thermalization time is also expected to
be L-independent because the torsion 7 does not over-
lap with either conserved quantities Hic or SZ,. The
situation changes for the Ishimori chain if we consider
a local observable that has non-vanishing overlap with
a conserved quantity in the perturbed model, such as
S§ at strong integrability breaking. Then, as noted in
Sec. IID, we observe system size dependence of thermal-
ization time Ty, o< L? consistent with diffusion. This is
shown in Fig. 16.
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