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Abstract

We propose a formalism which defines chaos in both quantum and classical systems
in an equivalent manner by means of adiabatic transformations. The complexity of
adiabatic transformations which preserve classical time-averaged trajectories (quan-
tum eigenstates) in response to Hamiltonian deformations serves as a measure of
chaos. This complexity is quantified by the (properly regularized) fidelity susceptibil-
ity. Physically this measure quantifies long time instabilities of physical observables
due to small changes in the Hamiltonian of the system. Our exposition clearly show-
cases the common structures underlying quantum and classical chaos and allows us
to distinguish integrable, chaotic but non-thermalizing, and ergodic/mixing regimes.
We apply the fidelity susceptibility to a model of two coupled spins and demonstrate
that it successfully predicts the universal onset of chaos, both for finite spin S and in
the classical limit S — oo. Interestingly, we find that finite S effects are anomalously
large close to integrability.
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1 Introduction

Chaos and ergodicity are two closely related cornerstones of physics. In classical
systems chaos is defined through the instability of a particle’s trajectories to small
variations of either initial conditions or the Hamiltonian. It is widely believed that
chaos usually leads to ergodicity or equivalently thermalization, meaning that a system
“forgets” its initial conditions except for conserved quantities, such as energy, and
approaches an equilibrium state under its own dynamics. A standard, oft-quoted
argument states that the time-averaged probability distribution

Ple.p) = Jim 7 [ Pap.t 1)

for any bounded motion is time-independent. Therefore, it satisfies the stationary
Liouville equation, {H, P} = 0, where H = H(x,p) is the Hamiltonian of the system
and {---} denotes the Poisson bracket. As such, P(x,p) can only depend on con-
served functions of phase space variables [1]. For systems with a time-independent
Hamiltonian and without continuous symmetries, the only conserved quantity is the
Hamiltonian itself and this argument suggests that P(z,p) = P(H(x,p)). For any
given trajectory with a fixed energy E, we then have P(H(x,p)) < §(E — H(z,p)),
which is equivalent to the microcanonical ensemble.

Chaos appears only indirectly in this argument. It is believed that, in general,
motion becomes unstable or chaotic if the number of independent degrees of freedom
describing a classical system is larger than the number of independent conservation
laws. When energy is the only conserved quantity, we expect that the classical motion
of a single particle is both chaotic and ergodic in d > 1 spatial dimensions. However,
in such few-particle systems, the relation between chaos and ergodicity is more subtle.
For example, a famous theorem due to Kolmogorov, Arnold, and Moser (KAM) |2]
states that ergodic behavior generally occurs only if the system is sufficiently far from
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an integrable point [3]. There is, however, no such threshold for the emergence of
chaos. Namely, at weak integrability breaking phase space generally becomes mixed,
containing regions of regular and chaotic motion. So while, at least pictorially, chaos
and ergodicity appear for the same reason (breakdown of extra conservation laws
which exist in integrable systems), the precise relation between these two concepts is
highly nontrivial.

The definition of chaos in quantum mechanics is even more debated, as there
is no clear notion of trajectories or Lyapunov exponents. A single quantum state
corresponds not to a point in a phase space but rather to a probability distribution,
which is usually stable even classically. For example, the motion of a single Brownian
particle can be chaotic, while the probability distribution describing an ensemble of
such particles after relatively short times evolves according to the diffusion equation,
which has no exponential instabilities.

One attempt to define quantum chaos in analogy with classical systems was through
the short time behavior of so-called out of time order correlation functions (OTOC) [4-
8]. A particularly well-studied example of OTOCsS are correlation functions of the form
[([A(t), B]?)|, where A and B are (initially local) operators in the Heisenberg repre-
sentation and the expectation value is taken with respect to some initial state. In the
classical limit the commutator between two operators, up to a factor of if, reduces to
the Poisson bracket between corresponding observables evaluated at different times.
The square of the commutator thus approaches the square of the Poisson bracket and
generally diverges with an exponent that is twice the classical Lyapunov exponent. It
was rather quickly realized that OTOCs generally do not exhibit exponential growth
in quantum systems with locally bounded Hilbert spaces and thus cannot be used to
define quantum chaos [9H11].

Recently, a set of related ideas emerged suggesting that quantum chaos can be
detected through the growth of operators in Krylov space [12H16]. This operator
spreading is related to the high frequency tail of the corresponding spectral function,
which in turn describes the noise and dissipative response of the system. An operator
which spreads rapidly has a spectral function with a slowly decaying high frequency
tail; chaotic systems exhibit the fastest allowed operator spreading consistent with
constraints such as locality, and therefore the slowest possible decay of spectral func-
tions. This suggestion was numerically confirmed in one-dimensional quantum spin
chains [17}/18]. However, as we will discuss below, operator growth shows very similar
asymptotic behavior in both chaotic and integrable models near the classical limit,
that is, it does not allow one to clearly distinguish chaotic and integrable systems (see
also Ref. [19]).

Perhaps the most accepted definition of quantum chaos is based on the Berry and
Berry-Tabor conjectures formulated for billiards [20,21] and later extended by O. Bo-
higas, M. Giannoni, and C. Schmit (BGS) [22]. The BGS conjecture states that energy
eigenstates of quantum chaotic systems are essentially random vectors with eigenval-
ues described by appropriate random matrix ensembles. This is to be contrasted with
generic integrable systems, where according to the Berry-Tabor conjecture the level
statistics are approximately Poissonian, such that nearby energy levels are effectively
uncorrelated. The BGS conjecture was subsequently generalized independently by J.
Deutesh and M. Srednicki to the eigenstate thermalization hypothesis (ETH) [23}[24],
which was spectacularly confirmed via numerical experiments [25]. Now ETH is ac-
cepted as a standard definition of quantum chaos (see Ref. [26] for a review) and it
is usually tested numerically by studying either level spacing distributions [27}/28] or
the asymptotic behavior of the spectral form factor

2

K(T):%

)

Z exp|—2miE, 7]
n

and a closely related return probability [28]. In systems which obey ETH, K (7) shows
a characteristic linear growth with time 7 at long times due to level repulsion [28H31].
We stress that despite being accepted as a definition of chaos, both ETH and the BGS
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conjecture are really statements about ergodicity or long-time thermalization [32].
Indeed, these conjectures imply that the time averaged density matrix

p=_Jim p(t)dt =3 pualn) (o], 2)

where |n) are the eigenstates of the Hamiltonian, behaves as a thermal ensemble.
This is a direct analogue of the classical definition of ergodicity through the time
averaged probability distribution . Likewise, ETH can be used to prove various
thermodynamic relations like the fluctuation-dissipation relation or Onsager relations
for individual eigenstates [26]. While chaos and ergodicity often come together, these
concepts are not equivalent and we should be able to distinguish them. Chaos usually
implies a lack of predictability encoded in high sensitivity of various observables to
weak perturbations. Ergodicity, on the other hand, is related to approaching thermal
equilibrium at long times. There are plenty of examples, such as models described by
KAM theory, where a system can be chaotic but non-ergodic and conversely.

Let us note that these standard definitions of classical and quantum chaos are at
odds with our everyday experience. Typically, a colloquial definition of chaos is based
on the so-called “butterfly effect”, which states that small perturbations in a system
might result in a large, observable change of its later state. For example, a flap of a
butterfly’s wing in one part of the world can completely change the path of a tornado
far away and at later times. However, it is intuitively clear that this effect is not related
to Lyapunov instabilities. Indeed, tornadoes associated with turbulent instabilities
happen in systems with small viscosity like air, which are weakly interacting and
hence have small Lyapunov exponents. If we take a more viscous liquid like water
with much larger Lyapunov exponents, then following a flap of the wing (or rather a
fin), the liquid will quickly relax to a new local equilibrium and the effect of the flap on
observables will be minimal no matter how long we wait. Moreover, collisions between
atoms can be quantum mechanical such that trajectories and Lyapunov exponents
are not even well-defined. Nevertheless, the long-time instabilities and hence chaos
can exist irrespective of this fact. Likewise, this example indicates that our everyday
experience suggests that the strongest chaos occurs in systems which are far from
thermal equilibrium, i.e., which are close to integrability. Hence, measures based on
thermalization cannot be used to define chaos. This is in addition to the fact that
eigenstates are not even-well defined in macroscopic systems.

In Ref. [33] a different approach to quantum chaos was developed through the sen-
sitivity of Hamiltonian eigenstates to small perturbations. In classical mechanics the
role of eigenstates is played by stationary (time-averaged) trajectories. Mathemati-
cally this sensitivity is expressed through the scaling of the fidelity susceptibility, which
is also also known as (up to irrelevant multiplicative factors) the quantum Fisher infor-
mation, the quantum geometric tensor, or the norm of the adiabatic gauge potential.
This probe was successfully tested in various systems undergoing crossovers between
integrable and ergodic regimes [34-38|. In this way, one can distinguish different dy-
namical regimes and interestingly, an intermediate regime separating integrable and
ergodic domains has been observed. This intermediate regime is maximally chaotic in
the sense that the fidelity susceptibility saturates bounds on its growth and diverges
with system size more rapidly than in the ergodic regime. We note that this notion
of “maximal chaos” is different from others in the literature, such as the saturation of
bounds on OTOC growth [39] or in Floquet dual unitary circuits [40]. In our opinion,
those models are better termed as “maximally thermalizing”, “maximally ergodic”,
or “maximally mixing”, but not “maximally chaotic”, for reasons we explain below.

The intermediate regime is physically characterized by anomalously slow, glassy
dynamics of observables, reminiscent of Arnold diffusion in classical systems [3]. It
was observed numerically in interacting quantum models, with or without disor-
der [33135,138,[41]. A schematic crossover diagram showing the transition from in-
tegrable to ergodic behavior in extensive quantum systems which summarizes the
findings of these references is shown in Fig. [I] While in the thermodynamic limit in
generic interacting systems only the ergodic regime survives, there is always a para-
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Figure 1: A schematic diagram showing the crossover from integrable to ergodic
behavior in quantum spin systems. The horizontal axis stands for the system
size and the vertical axis is an integrability breaking perturbation on a log scale.
The color temperature indicates the fidelity susceptibility, which is a measure
of eigenstate sensitivity, also on a log scale. The integrable and ergodic ETH
phases are separated by a broad chaotic but non-ergodic regime characterized by
maximal eigenstate sensitivity. The plot is courtesy of M. Pandey and is adopted
from the popular summary of Ref. .

metrically wide crossover regime. In the thermodynamic limit this regime manifests
itself through transient, slow relaxation of autocorrelation functions , which are
also known to exist in classical systems like the Fermi-Pasta-Ulam model . Let
us also point out that there are parallels between this maximally chaotic regime and
Hilbert multifractality of eigenstates close to integrability, bearing close analogies to
mixed phase space in classical systems . The fact that maximal chaos defined in
this way occurs at small integrability breaking perturbations agrees with our everyday
intuition as we discussed above.

While this way of defining and probing chaos seems to be intrinsically quantum
mechanical as it relies on the notion of eigenstates, the main focus of the present
work is to show that this is not the case. In fact, the fidelity susceptibility can
be used just as well to probe and define chaos in classical systems and allows us to
construct a universal probe of chaos, integrability, and ergodicity in both quantum and
classical systems. As we discuss below, in classical systems the fidelity susceptibility
characterizes the complexity of special canonical transformations which leave invariant
stationary probability distributions (equivalently, time-averaged trajectories), which
are direct analogues of quantum eigenstates.

Colloquially, the fidelity susceptibility tells us how difficult it is to deform the
canonical variables after adding a small perturbation to the Hamiltonian such that
the time averaged classical trajectories in the new coordinates remain unaffected by
this perturbation. Strictly speaking, in chaotic systems such trajectory-deforming
transformations do not exist . However, as we discuss below, one can regulate
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Figure 2: Time dependence of the observable n(t) for two 2D classical nonlinear
oscillators with frequencies w = 1 (left) and w = 1.001 (right) and identical initial
conditions (see text for details). Clearly, ni(t) responds strongly to the shift of
w, and the adiabatic transformation relating these trajectories is very complex.
This, in turn, implies that the fidelity susceptibility associated with shifting w is
large. This setup lies in the “maximal chaos” regime (see Fig. [I|and surrounding
discussion), so that in addition to significant variation of individual trajectories,
the distribution functions obtained by averaging them over long times also vary
strongly.

the generator of such a transformation using a finite-time cutoff and define chaos
through the asymptotic behavior of the fidelity susceptibility with this cutoff. The
same methodology can be used to analyze large quantum systems, where the energy
levels are so dense that distinguishing them is not feasible [41]. The fidelity suscepti-
bility characterizes the long-time behavior of autocorrelation functions (equivalently,
low-frequency behavior of spectral functions) and in this way is complementary to
the high-frequency spectral data encoded in the short-time behavior of operators. In
quantum systems, the fidelity susceptibility can be defined for individual eigenstates
and as such has a distribution, which can be nontrivial [341|46]. Likewise in classical
systems one can define a separate susceptibility for long-time trajectories originat-
ing at different initial conditions. One can anticipate that close to integrability, where
phase space is mixed, the distribution of fidelity susceptibilities — like the distribution
of Lyapunov exponents — will be very broad. In this paper, we focus on analyzing the
phase space-averaged (or in quantum systems, Hilbert space-averaged) fidelity suscep-
tibility, which misses potential coexistence of regular and chaotic regions. However,
we will demonstrate that in such a mixed regime we can easily distinguish chaotic
and regular phase-space regions by resolving the fidelity susceptibilities over the cor-
responding trajectories.

To gain a more intuitive understanding of the fidelity approach to chaos let us
consider a simple example of a classical particle with unit mass in a two-dimensional
nonlinear potential described by the following Hamiltonian:

2

2

As an observable, we choose n; = p?/(2w1) + wi2?/2, which represents the adiabatic
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invariant of the first oscillator in the absence of the nonlinearity, i.e. at e = 0. In Fig.[2]
we plot four different trajectories for this system. Each trajectory corresponds to the
same initial conditions: x1(0) = 1.2, p1(0) = 0, 22(0) = 0.8, p2(0) = 0. The two
left (right) panels correspond to w; = wg = 1 (w3 = 1.001, we = 1), respectively. In
other words, instead of comparing trajectories with slightly different initial conditions,
we consider trajectories with slightly different Hamiltonians. The top (bottom) plots
correspond to the nonlinearity e = 1 (e = 1.54). It is visually obvious that the motion
in the top (bottom) panels is regular (chaotic). This fact can be quantified by analyzing
the scaling of the distance between the two trajectories in time, which is a standard
method for measuring chaoticity. Alternatively, one can consider the complexity of
the canonical mapping which transforms the trajectories in the right panels to those
in the left panels. As we explain in this paper, the fidelity susceptibility, i.e. the
measure of this complexity, is encoded in a very different scaling of the long time
temporal fluctuations of n;(t) along regular and chaotic trajectories. Additionally in
the bottom (chaotic) panels one can clearly observe large deviations of ni(t) from
the time average, which indicates that the motion of the particle is non-ergodic in the
accessible phase space domain. As we will demonstrate below, the scaling of the fidelity
susceptibility with a time cutoff allows one to unambiguously differentiate chaotic-
ergodic and chaotic non-ergodic trajectories, with the latter being more sensitive to
small perturbations and hence more chaotic.

The paper is organized as follows. Sec. [2] discusses how the fidelity susceptibil-
ity serves as a probe of chaos and develops the necessary formalism to compute it
in both quantum and classical systems. We also demonstrate that operator growth
cannot generally distinguish chaotic and integrable systems. In Sec. [3) we introduce
a model of two interacting spins which can exhibit both integrable and chaotic dy-
namics depending on the choice of model parameters. The remainder of the paper is
then focused on studying that model both for finite spin S and in the classical limit
S — oo. In particular, we study the spectral function of a particular physical observ-
able in different regimes, which include a highly symmetric integrable model (Sec. ,
an integrable model without any continuous symmetries (Sec. |5]), and a chaotic model
at different values of the strength of the integrability breaking perturbation (Sec. @
As we will see, the quantum spectral function converges to the classical result in
all cases. Interestingly, close to integrability this convergence is anomalously slow.
Moreover, the low-frequency behavior of the spectral function sharply distinguishes
between chaotic and integrable cases that lead to qualitatively different behaviors of
the fidelity susceptibility, which we can tune by either using different model parame-
ters with whole phase-space averaging, or focusing on a single model parameter but
averaging over different regions of phase space. We find in Sec. [6.1] that finite S effects
lead to weaker signatures of chaos in quantum systems, which is reminiscent of dynam-
ical localization in a kicked rotor [47]. Using the fidelity approach, we establish that
this model is not ergodic (that is, it is always in a mixed phase space regime and does
not thermalize for any strength of the integrability breaking parameter) and support
this conclusion with other standard measures of ergodicity. In Sec. [6.3] we demon-
strate that one can distinguish chaotic and regular trajectories by analyzing the low
frequency tails of the auto-correlation functions of observables and/or corresponding
fidelity susceptibilities.

2 Fidelity Susceptibility and Operator Growth in
Quantum and Classical Systems

We use this section to review some formalism and recent results which should prove
useful to readers. Sections and introduce the adiabatic gauge potential and its
relationship to the fidelity susceptibility, the primary quantity of interest to this work.
In particular, we emphasize its mathematical representation and physical meaning
in the classical limit. We also review aspects of operator growth and its connection
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to spectral functions in Sec. [2.3] which has recently been the subject of extensive
discussion. Experts familiar with these topics may choose to skip to Sec[3] where we
introduce the model which is our focus in the remainder of this work.

2.1 Adiabatic Gauge Potential

Here we will largely summarize earlier results on the relation of the fidelity susceptibil-
ity to adiabatic transformations and related response functions, highlighting similari-
ties and differences between quantum and classical systems. In the former, adiabatic
deformations are generated by the adiabatic gauge potential (AGP) Aj:

ihdx[n(A)) = Ax[n(A), (4)

where A is a coupling in the Hamiltonian and |n())) are instantaneous eigenstates
of H(\). By differentiating the identity (m(A)|n(\)) = dmpn with respect to X it
is easy to see that 4, is a Hermitian operator. The AGP can be viewed as the
generator of unitary transformation U(A) which diagonalize the Hamiltonian, that is,
if [n(A)) = U(N\)|n(0)) then

Ay = ih(\U)UT. (5)

In the absence of degeneracies, we can apply stationary perturbation theory to Eq. [4]

and find OrH|m)
(n] Ax|m) = ih{n|dx|m) = m% (6)

Multiplying both sides of this equation by F,, — E,, we see that the AGP satisfies [4§]
[G)\7H]:Oa G/\:a)\H—i_%[A)\aH] (7)

Alternatively, one can obtain this equation by requiring that H(\) = UT(A\)H(A)U(N)
is represented by a diagonal matrix in a fixed basis |n(0)) for any value of A, which
implies that [H(\), H(A + 6)\)] = 0. Differentiating this equation with respect to
0A yields Eq. (7). In this form the AGP is well-defined irrespective of degeneracies.
However, the AGP is not unique as one can, for example, add to it any operator which
commutes with the Hamiltonian. This ambiguity reflects the gauge freedom in the
definition of eigenstates, hence the name AGP. Equation is also well defined in the
classical limit,

{Gx,H} =0, Gx=0\H —{Ax\ H}, (8)

where {...} denotes the Poisson bracket.

In integrable systems, the AGP is the generator of special canonical transforma-
tions which preserve adiabatic invariants [49]. To see the meaning of the AGP in
a generic system, observe that the Hamiltonian deformation H(A) — H(A + 0)) is
equivalent to shifting the Hamiltonian by a conserved function H(\) — H () + G dA
followed by the canonical transformation &* — &9 p* — p A satisfying

dr}  dAN  Op) DA,

AT o 9N " aeh )

Using the chain rule and Eq. @,
H(z* p*, A+ 0X) = H(@ O prMor N + Ga(z? p* N A+ 0(6A%).  (10)
Alternatively we can interpret this transformation using the fact that
H(@* 2 p* 2 X+ 6X) = H(z*, p*, ) + Ga(z?,p* N SA+0(6N%), (1)

which implies that, up to a conserved operator, an infinitesimal change of the Hamil-
tonian H(\) — H (X + 6\) can be undone (up to an energy shift) by an infinitesimal
deformation of canonical variables, 2* — x* —\z A, p* — p* —O\p O\, where dy2*
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and O\p” are defined by Eq. @ Therefore, if we view the deformed phase space vari-
ables £ *~9* and p*~%* as functions of = x* and p = p*, they will evolve according
to the Hamiltonian H(x,p,\) + G(x, p,\)dA. We see that when G, = 0, meaning
that there are no thermodynamic generalized forces associated with the parameter
A, the deformed variables under the deformed Hamiltonian simply follow the original
trajectories. When G, is non-zero this canonical transformation generally changes
particular time dependent trajectories but leaves invariant their time-averages, which,
as we discussed, describe stationary probability distributions. This is understood, in
the language of quantum mechanics, by noting that such a commuting perturbation
does not generally change the eigenstates. Since the time-averaged density matrix of
any pure state is equivalent to a statistical mixture of these eigenstates it also does
not change, provided that we start from the same initial state. E|
From Eq. @ one can see that the AGP can be represented as [45L50%51]

Ay = % / dt e=sgn (605 H (1), (12)
where _ .
ONH(t) = en 9, He wH! = 0, H(z(t), p(t))

is the Heisenberg representation of the operator dyH in a quantum system. Classi-
cally, it is a function 0\ H (x,p), which is evaluated in time-dependent phase space
coordinates x(t), p(t), evolved with the Hamiltonian H. We have also introduced the
cutoff u, a small positive number, to regularize the integral. With this regulariza-
tion, the AGP is defined for all systems of interest to us, whether they are integrable,
chaotic, quantum, classical, finite or infinite. For quantum (classical) systems the reg-
ularized AGP defines unitary (canonical) transformations which preserve G up to a
time 1/p. In the language of quantum mechanics this statement also means that G
has suppressed matrix elements between states with energy differences |E,, — E,,|> fip.
To see the equivalence of Egs. and @ we can evaluate the matrix elements of
Eq. explicitly by performing the time integral:

w E,-F
ﬁ(nkﬁ]ﬂm% Wpm, = % (13)
Clearly as g — 0 this reproduces Eq. @ Similarly, one can check that the ap-
proximately conserved operator defined through the regularized AGP, G\ = 0\H +
i[Ax, H]/R, is given by the time average of 0\ H (1),

(n|Axlm) =i

Gy = g/ dte Ity H (1), (14)

— 00
In the limit © — 0, G thus represents the so-called Drude weight, or conserved part of
OxH. The operators G can be highly nontrivial; for example, in Ref. [52] they were
used to identify previously unknown quasi-local conservation laws in the integrable
XXZ chain.

Finally, let us note that Eq. furnishes a variational approach to computing
the AGP and the conserved operator GG). Namely, this equation is equivalent to
minimizing the action [48]

48 _ _ 2 2 2
5-’4A _07 §= HGAH +u ||A)\H )
IGAP= 3 putnlGm) - [ dadp Pl p)G3 (@ p). (15)

- —0

where ||A,||? is defined similarly to [|G»|/%[| ] and p, is an arbitrary stationary (diag-
onal in the Hamiltonian basis) density matrix, which is replaced in the classical limit

IThere are non-generic situations where the time-averaged distribution can be changed. For example,
this is the case if H has a set of degeneracies due to a symmetry which is lifted by G.

2Strictly speaking only the connected parts of the operators G3 and A3 enter the norms (see Eq. )
However, this subtlety does not affect the action minimization.
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by a stationary probability distribution P(x,p). For example, one could choose the
Gibbs ensemble

pn = %e*ﬂE", P(z,p) = %e’BH("””’), (16)
where Z is the usual partition function. In the extreme case of infinite temperature
B = 0 the averaging is carried out uniformly over all quantum eigenstates (classical
phase space).

In general, the choice of operators or functions for the variational ansatz is very
large or even infinite, as in the classical limit. A very important insight allowing one
to choose a convenient and asymptotically exact variational manifold comes from the
Taylor expansion of 9y H (t),

ONH(t) = eM/h gy He /M = 3 @c"aAH
1 ‘

Here L is the Liouvillian superoperator, which we defined including factors of i and
h such that it has a well-defined classical limit. From Eq. we see that the AGP
can be formally expanded in odd powers of £ acting on 9\H [53]:

Av==id (-D'al?0H = Gy=> (-1 ax L%0\H, ag=1. (18)

k>1 k>0

One can combine this expansion with the minimization principle and treat the
coefficients ay, as variational parameters [53-55]. It is intuitively anticipated that in
integrable systems eigenstates are highly structured and should therefore be easy to
deform. In classical integrable systems, trajectories are superimposed one-dimensional
curves along the tori defined by action-angle variables [56]. It is expected that these
tori change smoothly under integrable deformations of the Hamiltonian, and the AGP
should be well defined in that context. Conversely, in chaotic systems quantum eigen-
states and classical trajectories are very unstructured and unstable and should be
highly susceptible to infinitesimal deformations of the Hamiltonian. Let us now quan-
tify this intuition following Refs. [33[35] and use the complexity of adiabatic transfor-
mations as a measure of chaos.

2.2 Fidelity Susceptibility as a Measure of Chaos and Ergod-
icity
Consider a quantum system with Hamiltonian H and an eigenstate |n) = |¢,,). Then

the fidelity susceptibility, x, is defined as the connected part of the overlap of the
derivatives of this state with respect to A [57]:

XS = (OxUnlOrton) — (Onnltbn ) (nlOr o). (19)

Since the AGP is defined as the derivative operator, up to a factor A%, the fidelity
susceptibility is simply the covariance of the AGP:

B2 = M = (A3 |n) — (n]Ax|n)? = (n]A3|n). (20)

As in Eq. (15) it is convenient to average XE\n) over different eigenstates with some

weight p,, and define

0= 1A= Y 0ax =Y palnf A3 n).
n n

_2

Q) /dwdpP(:cm) (A?\(w,p) — Ax(z,p) ) . (21)

10
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where A (x,p) is the time average of Ay (x(t),p(t)) with x(0) = =, p(0) = p. Note
that because the connected part of A, is evaluated in each eigenstate, the fidelity
susceptibility is not generally a statistical variance of the operator Ay. Instead, up to
a factor of four, x, is the state-averaged quantum Fisher information [58]. In many
cases (for example, when the Hamiltonian has time-reversal symmetry) one can set
the Berry connections of all eigenstates to zero, (n|Ax|n) = 0, and x, is equivalent to
the usual ensemble variance of Aj.

It follows from the discussions of Sec. that, in chaotic systems, x generally di-
verges in the classical |[45] and thermodynamic [57] limits. It also is not a self-averaging
quantity for orthogonal random matrix ensembles [46] and non-random systems with
time-reversal symmetry, which satisfy ETH. One approach to deal with this diver-
gence is to define the typical fidelity susceptibility by averaging log x» over Hamilto-
nian eigenstates and exponentiating the result [34,35]. It is, however, more convenient
for our purposes to use a different strategy by working with a finite frequency cutoff
1 as introduced in Egs. and . Then the resulting x» becomes well defined
in all situations. Moreover, by analyzing the dependence of x) on p we can relate
the fidelity susceptibility to the asymptotic long-time behavior of the operator 0y H.
Indeed, using Eq. we find that

2
wnm
0= 3 g s H ) (22)

m,n nm

This expression can be represented through an integral over the so-called spectral
function @ (w):

Tao— W)
X :/ dw —————= ) (w
oo (Wt p2)?

R (23)
Baw) =Y puge [ e lONH(OONH(0) + O, HO)LH (D)

Note that for any p > 0 we can drop the connected part as there is no contribution
to x from the term m = n. The same is true in the classical limit. The equivalence
of Eqs. and can be established using the Lehmann representation of the
spectral function. Classically, we see that y can be interpreted as a measure of the
complexity of the canonical transformation which preserves trajectories averaged over
time 1/p.

From Egs. and we see that the behavior of y) is tied to the low-frequency
asymptotics of the spectral function. Refs. [33,[35] analyzed various one-dimensional
quantum spin chains and found that there are three different generic regimes:

Ergodic/ETH, ®)(w — 0) — const > 0, X ~ exp[S]
Integrable, D)(w—0)—0, Xa~L¥ a~1 (24)
Intermediate, ®y(w — 0) ~w 2 2> 1, y\ ~exp[(2—1/2)S].

We see that the problem of small denominators in quantum mechanics (equiv-
alently the low-frequency response ) is directly connected to the sensitivity of
quantum eigenstates; classically, it is connected to the complexity of canonical trans-
formations which preserve time-averaged distributions. The goal of the rest of this
paper is to see whether these concepts can be used to identify and characterize chaos
in systems with few degrees of freedom, such as coupled rotators, which have been
analyzed extensively in the literature using other probes [3|59]. In this, way we can
find a unifying language suitable to distinguish chaotic, integrable and ergodic regimes
both in quantum and classical systems, whether they are extended or not.

2.3 High Frequency Response and Operator Growth

According to conventional wisdom, classical chaos is recognizable through the com-
plexity of trajectories. Typical particle trajectories in an integrable classical system
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are highly strctured, while typical chaotic trajectories appear random. It is therefore
unnecessary to compare two different trajectories to visually recognize chaos. One ap-
proach to studying classical trajectories, with natural extensions to quantum systems,
is the short-time expansion. As an example, consider a classical nonlinear oscilla-
tor in two dimensions with Hamiltonian given by Eq. where we additionally set
wi=w =0 2 2 (a2 2)
p1 | P2 Tty € 22

A=ttt v (25)

which is generally chaotic for € > 0. The corresponding equations of motion are

dzry dpq € 9

i —_— = = —_ = 2
n =Py T1 — 5T1T, (26)
dzo dpo € o

p P2, dt Yx2 29513?2 (27)

This is a system of nonlinear partial differential equations, so a general analytic so-
lution does not exist. Nevertheless, we can carry out a short-time expansion of the
solution to arbitrary order in ¢:
221 + ex13 .2 2p1 + €(2p2x172 + p1a03)
4 ; 24
4z1 + €(8123 — 4x1p3 — 8p1paza) + €2 (27373 + 1123)
1152

z1(t) = 21 + pit — 3

the... (28)

We can view this expansion as a map from an initially simple function x; to progres-
sively more complex functions describing a trajectory. Clearly, the complexity of these
functions increases with each order of the expansion when € # 0.

Now let us perform a similar analysis for the corresponding quantum problem by
expanding the operator #(¢) in the Heisenberg picture; we use hats to distinguish
operators from the corresponding classical variables.

d1(t) = eb Bty et Ht — 5 4 py— 220 TI”Q p ot e(xl{pz’fﬁ* F ) s
421 + e(82123 — 481p3 — 4p1{Pada}y) + (28303 + £133) 4
+ Lz f (20

where {A,B}Jr = AB + BA. We see that the expansions and are quite
similar [60L/61]. In fact, if we use the Weyl correspondence to map quantum operators
to functions of phase space variables [60,/61] the two expansions are identical at this
order. That is, the Weyl symbol of %1 (t), denoted (#1(¢))w,

(@1(t)w = //d£ <x g .- 5>e';;pg’

2
with x = (z1,22), p = (p1,p1), &€ = (&1,&2), reproduces the expansion . Hence,
while trajectories in quantum systems are ill-defined, there is a well-defined procedure
for defining the short time expansion of a Heisenberg operator, which can be associ-
ated with a quantum trajectory. In fact, the exact correspondence between quantum
and classical short-time expansions holds to order t5. For the Hamiltonian the
difference of these expansions at sixth order is given by E|

#1(t)

(Z1()w —z1(t) = —%xl +O(t"). (30)

3For a general potential V'(x1,22), one can show that (&1(¢))w — x1(t) is given by

K28 <a3v *V v 9V v 9V AV 8*V

- 7
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We see that analyzing short time dynamics allows us to effectively compare quantum
and classical dynamics directly, irrespective of initial conditions. Of course, one also
needs to keep in mind that the dynamics of physical observables does depend on
the initial state of the system, which can be very different for quantum and classical
systems, for example, at low temperatures.

Let us now analyze the short-time expansion more systematically. Instead of look-
ing into a particular phase space variable x(t), we can analyze an arbitrary observable
O(x,p). To connect with Secs. and we write O = 0, H such that X is a source
for the observable O. In the Heisenberg picture, the short-time expansion is given by
Eq. , and the objects which appear in the short time expansion are proportional
to nested commutators of the observable 0y H and the Hamiltonian H. In classical
systems, using the fact that

%[A, B] — i{A, B}

we obtain a similar expansion with nested Poisson brackets in place of nested commu-
tators. We can therefore think of short-time expansions in terms of classical function
spreading or quantum operator growth. The intuition behind these names is clear
from our toy example (29), where we saw that with each order of the expansion the
initial “simple” operator & spreads in the space of functions spanned by higher and
higher order polynomials of phase space variables. In interacting many-particle sys-
tems, this growth with each order of the expansion also involves an increasing number
of degrees of freedom. Intuitively, one can expect that in chaotic systems operators
spread faster than in integrable systems, as in the latter there are typically constraints
imposed by various selection rules and additional conservation laws.

This intuition was formalized in several recent works [13-16] following the pioneer-
ing work of Parker et. al. |[12]. They argued that for generic spin systems with local
interactions, operators which are not conserved grow as rapidly as possible, consistent
with fundamental constraints such as spatial locality. In particular, it was conjectured

that at large k
(2k)!
> pal(nlCtonH m) 2~ S (31)

n,m#n

R,

where 7 is a model-dependent parameter. In one dimensional systems this growth is
reduced by a logarithmic correction for geometric reasons [14,[15]. This asymptotic
form is expected to hold for any ensemble {p,}. At the same time, it was conjectured
and numerically confirmed that operator growth is reduced in integrable spin chains.

As discussed in Sec. 23] nested commutators naturally appear when studying adi-
abatic transformations and in the variational construction of the AGP. These objects
are also closely related to the spectral function; using the fact that

(n|L*O\H|m) k(n|OxH|n)

= Wnm

we find

R = /dww%(l))\(w) (32)

Comparing this expression with Eq. , we see that ) is nothing but a regularized
form of R? ;. It is also straightforward to see that the factorial growth of the norms R?
is equivalent to exponential decay of the spectral function at large frequencies [12(13]:

Oy(w) ~e 7Y w— oo (33)

Indeed with this asymptote Eq. reduces to the I'-function with the correct facto-
rial scaling. It was confirmed numerically that in integrable spin chains the spectral
function ®y(w) decays faster than exponentially at high frequencies, corresponding
to slower operator growth. For example, in free models such as the transverse field
Ising model [62], ®)(w) = 0 for w > wy, which is the largest single-particle energy
scale. This scaling corresponds to the exponential growth of nested commutators,
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R} ~ w¥T1. For some interacting integrable models the decay of ®,(w) is more con-
sistent with Gaussian decay at large w 17 . This Gaussian decay also corresponds
to a slower operator growth R7 ~ \/(2k)!/7%".

These results are modified in classical models, where it was argued in Ref. that
even in integrable systems the presence of a saddle leads to factorial growth of Ry. In
this work, we will argue that even without any saddles such factorial behavior of Ry
is generic irrespective of whether the system is integrable or chaotic and thus cannot
serve as an indicator of chaos. Therefore the issue of connecting trajectories defined
through short time expansions to chaos remains an open problem, both in quantum
and classical systems.

3 The General Model

In the remainder of this paper, we analyze a model of two interacting spin-S degrees
of freedom, S; and S,. For finite S these are described by the spin operators S

which satisfy the commutation relations [S'f‘, S'ﬂ = ih&ljeagng, where o = {z,y, 2},
l,j = {1,2}, and €,p, is the Levi-Civita symbol. In terms of these operators, our
model Hamiltonian is given by

H=n»" [—Jaﬁfég + %Aa ((S"‘f)2 + (5‘3)2)] (34)

[e%

with arbitrary couplings J, A. It is convenient to set i = 1/4/5(S + 1) so that in the
classical limit S — oo the equations of motion are well-defined . In the classical
limit, the canonical commutation relations are replaced by Poisson brackets of the

Integrable Chaotic

Figure 3: Visualization of the classical spin S;(t) = S(¢) for two similar initial
conditions in the integrable XXZ model (left) with couplings J = (1,1,1/2), A =
0 and a chaotic model with couplings J = (3/2,7,+/€), A = (\/7,v/3,¢€) (right).
At t = 0, the two initial conditions depart from the same position (blue stars)
with slightly different momenta. In the integrable case the trajectories are highly
structured and remain close, while the chaotic trajectories rapidly separate over
the same time interval, exhibiting a strong sensitivity to initial conditions.
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corresponding spin variables S; lying on a unit sphere:

{57, S0} = djeapy ST, D (S92 =1 (35)

[e3%

The corresponding classical Hamiltonian is then
a Qo 1 @ )2
H = Z |:Jasl S+ §Aa ((S1 )2+ (SQ) )} , (36)

with the equations of motion

ds; OH
— ={S;,H} =—-S; x —. 37
g~ Sl ==Sixag (387)
This model has been studied previously both in the quantum and classical limits [3,
59] and is known to be integrable when the couplings satisfy

(Ae — Ay)(Ay — A (A — A+ > J2(Az—Ay) =0 (38)
apy=cycl(zyz)

and chaotic otherwise. In particular, the model is always integrable in the absence
of single-ion anisotropy, A, = A, = A, = const. In Fig. [3] we show characteristic
classical trajectories for the components of S; in both chaotic and integrable regimes
which demonstrate the extreme sensitivity of chaotic trajectories to small changes of
initial conditions.

In the remainder of this section we discuss details of computing the spectral func-
tion and fidelity susceptibility, which are the key objects in our analysis both for finite
S and in the classical limit S — oo.

3.1 Methods of Analysis

Our primary goal throughout this work is to demonstrate that spectral functions and
the related fidelity susceptibility can be used to detect different dynamical regimes.
For Hamiltonians of the form , a nice choice of observable is given by the prod-
uct of spin z-components, O\H = h2SfS§ = ZZ. Importantly, this observable is
integrability-preserving in the sense that if A = 0, the deformed Hamiltonian H (A+J\)
remains integrable, i.e., it satisfies the condition . Such integrable observables yield
the most sensitive probes of chaos as they rapidly change their long time response when
integrability conditions are slightly broken [33,41].

In the following, we compute and analyze the autocorrelation function Cyzz(¢),
associated spectral function @77 (w) and fidelity susceptibility x(u),

Czz(t) = %Tr [ZZ(t)ZZ(0)] — ZZ(t)ZZ(0)

By(w) = - / "t e C(t) (39)

:% .

OJ2

x(1) Z/_Oodwwq)zz(w)

where D is the Hilbert space dimension and overlines indicate uniform phase space
averages over classical initial conditions.

In the following, we will be interested in extracting both the high and low frequency
asymptotics of the spectral function. As discussed in Sec. [2 the former is related to
operator spreading, and the latter to the fidelity susceptibility. For each of the models
considered in this paper, we find that ® 7z (w — 00) ~ ¢~ ™, which makes the analysis
of that regime particularly straightforward. The decay rate of the spectral function
can be computed directly from nested commutators or Poisson brackets (see Eq.
and surrounding discussion).
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The low frequency behavior of ®zz(w) is both richer and more subtle. For the
integrable systems that we have studied (Sections , the spectral function vanishes
in the limit w — 0, leading to a finite fidelity susceptibility x in the limit p — 0 for all
values of S (see Figs. @ In the chaotic regime (Sec @, the spectral function decays
weakly as w — 0 at intermediate values of .S, while in the classical limit S — oo it
diverges instead as w — 0, leading to a fidelity which grows rapidly as pu — 0 (see
Fig. . In the chaotic mixed phase-space regime, the low-frequency behavior of the
spectral function and the dependence of x(u) are very different in regular and chaotic
regions if, instead of the uniform phase space averaging in , we perform averaging
over specific trajectories.

With the exception of the XXZ model (Sec. , where a closed-form solution is
available in the classical limit, direct analysis of ® 77 (w) requires the use of numerical
simulations. We carry out these computations using exact diagonalization for finite S
and nonlinear dynamics simulations of the equations of motion in the classical limit.
In the next two sections, we review the computational techniques employed in both
the quantum and classical analyses in sufficient detail to reproduce our results.

3.1.1 Quantum Methods

In quantum systems, the computation of ®zz(w) is accomplished most simply via
exact diagonalization. To this end, it is useful to write the spectral function directly
in the Lehmann representation,

Ds2(w) = 5 S0l ZZm) 5 — wo). (40)

n,m

The reader is reminded that factors of & are important to keep in mind when taking
the classical limit. The computation of ®zz(w) is then simple in principle: one just
needs the eigenvalues and eigenvectors of the Hamiltonian.

The spectral function which results from this procedure is a very dense and noisy
collection of delta functions. To extract smooth features of the spectral function, we
perform a filtering procedure which replaces delta functions with Gaussians whose
widths are set by the typical level spacing of the Hamiltonian, denoted by 4. A
smoothened estimator of the spectral function then follows by summing over these
Gaussian-weighted contributions,

By (w) ~ ﬁ S (1122 |m) Pexp [W—;nm)] (41)

In addition to this filtering procedure, we have found that it is useful to introduce
weak (on the order of 3%) disorder into the Hamiltonian couplings and average the
spectral function over disorder. This minimizes the role of accidental resonances which
may be present in a particular Hamiltonian and generally leads to smoother results;
however, care must be taken to guarantee that the disorder does not break integrability
conditions or symmetries of the model, if present. We will return to this point in
subsequent model-specific sections.

3.1.2 Classical Methods

To compute the spectral function in the classical limit, we directly simulate trajectories
using the equations of motion . The first step in this process is to generate a set
of initial conditions. For this purpose we make use of Sobol sequences to construct a
quasi-uniform distribution over the classical phase space, which is known to lead to
faster convergence than a naive uniform distribution [63]. In the case of our two-spin
model, we generate four length N Sobol sequences which represent the initial spin
angles {0;,¢;}. In addition, we follow a well-established heuristic in the literature
[64,/65]) that the first log,(NN/2) — 1 entries of each Sobol sequence are discarded. In
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practice, we find that this eliminates highly symmetric initial conditions, which can
introduce numerical artifacts by producing, for example, stationary configurations. We
also note in passing that the sampled observables must be multiplied by the product
sin @7 sin #5 coming from the integration measure.

Once these initial conditions are generated, we solve equations of motion both
forward and backward in time to find S;(¢) and S;(—t). This allows us to restrict
integration of the autocorrelation function in the time domain of Eq. tot > 0.
To solve the equations of motion, we employ Runge-Kutta methods [66] to compute
the spin trajectories Si(t), S2(t) out to time 7T in time steps of size dt. From each
trajectory, we extract its contribution to the autocorrelation function, ZZ(t)ZZ(0),
and the Fourier transform

T

1 ,
— | dt zz()ZZ(0)e~ " (42)
27T T

where a1 is a late-time cutoff which smoothly controls the error introduced by the

fact that T is finite. Unless otherwise noted, we fix o = 5/T for the remainder of the
paper and always check that our results are a-independent.

Formally, averaging Eq. over initial conditions yields the spectral function
Dz z(w) for frequencies which are sufficiently large compared to a. In practice, we
have found that this average converges extremely slowly since, while the spectral
function is strictly positive, the contribution of a particular initial condition need not
be. This slow convergence can be remedied by using the fact that, after averaging over
initial conditions, the autocorrelation function is invariant under time translations due
to the spectral theorem:

ZZ0ZZ(0) = ZZ(t + 1)ZZ(r), Vr (43)

Hence the spectral function is given by

l ——— L[ iwt—a?t?

Cyz(w)=—|ZZ(w)]?, ZZ(w)=— dt ZZ(t)e . (44)

2m 2 J_ o

Expressed in this way, each trajectory’s contribution to the spectral function is man-

ifestly positive and our numerical computations have found that this average has
significantly improved convergence properties.

4 The XXZ Model

In this section, we analyze the two-spin XXZ model described by the Hamiltonian
with couplings A, = 0 and (Jg,Jy,J.) = (J1,J1,J.). In the classical limit, this
model has a closed-form solution for the observable ZZ(t) which allows us to extract
the high and low frequency behavior of ®z7(w); these results are presented in full
detail in App. [A] Here, we outline a simple intuitive picture which captures the qual-
itative behavior of the spectral function at high and low frequencies. In addition, we
present numerical comparisons of the quantum and classical spectral functions at all
frequencies.

The XXZ model has a U(1) symmetry associated with rotations about the z-axis;
correspondingly, the magnetization M, = (S 4+ S%)/2 is conserved. In combination
with the energy F there are then two conserved quantities, guaranteeing that the
two-spin XXZ model is integrable for all spin magnitudes S including the classical
model. In the classical limit, the observable ZZ(t) can be expressed in terms of M,
by introducing another coordinate z = (57 — 55)/2,

72(1) = o (M2 — 2(1)?). (45)

1
S 2

The problem of analyzing ZZ(t) is therefore reduced to that of z(¢). Remark-
ably, z(t) can be interpreted as the coordinate of a particle with unit mass in a

17



SciPost Physics Submission

(a) a>0,8<0 (b) a, >0 (¢) a<0,8>0
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Figure 4: The effective one-dimensional potential, V'(z), as a function of the co-
ordinate z = (57 — S5) /2. The parameters o and 3 which enter V' (z) are defined
in Eq. . The period of a trajectory diverges as its turning point approaches a
local maximum of V'(z) (red circles), which controls the low frequency behavior
of ®z7(w). The maxima are accessible in the easy axis regime (a) and easy plane
regime at low energies (c¢), while no maxima are present in the easy plane regime
at high energies (b). At the Heisenberg point (not shown) the quartic term van-
ishes and the low frequency regime is controlled by trajectories with small .

one-dimensional quartic potential, a result derived in Ref. [59]. More precisely, z(t)
satisfies the differential equation #(t) = —V’(z), where V(2) = az? + Bz* and

a=J} —LE+ (J] —J2)M?

1 2 2
B = 5 (J2 - J1) (46)
JJQ_ 2\2 1 2\2
Eeff: 7(17MZ) *§(E+J2Mz)

where Fog is the effective energy of the 1D particle. Notice that 3 is a function of
the Hamiltonian couplings alone: it is positive in the easy axis regime, negative in
the easy plane regime and zero at the Heisenberg point, while a and E.g depend on
initial conditions through the integrals of motion.

Schematic plots of the potential V(z) are shown in Fig. [4] for several choices of
parameters, demonstrating the possible sign combinations of o and 3. These poten-
tials offer a simple heuristic to estimate both the high and low frequency behavior
of @57 (w). We begin by expressing the spectral function explicitly in terms of the
trajectories z(t),

Byz(w) = % / dt et Cyz(t) = ZZ(0) (Mg S(w) — % / dt et z(t)2). (47)

Each trajectory is a periodic function of time which is either symmetric about z = 0
(Eeg > 0) or localized away from z = 0 (Eeg < 0). For the former, the fundamental
frequency of z(t)? is twice that of z(¢) while for the latter they are identical. In either
case, low-frequency contributions to ® zz(w) come from trajectories with long periods.

The set of long-period trajectories is naturally broken into two categories. The
first are those with small values of the couplings «, 3 < 1 and a small amplitude of
oscillation, which are approximately harmonic. In general, these trajectories are irrel-
evant to the asymptotes of ®zz(w) because there are usually other trajectories which
contribute at more extreme frequencies due to anharmonic effects. The exception is
at the Heisenberg point, where harmonic trajectories dominate due to the absence of
a quartic term (see App. .

The second category of long-period trajectories are those with turning points near
the local maxima of V(z), denoted z,,, which appear when « and / have opposite
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Figure 5: Spectral functions of the XXZ model with parameters J = (1,1,1/2).
The classical data was obtained by averaging N = 3 x 10° analytically exact tra-
jectories (see App. with Sobol-random initial conditions. The quantum data
was obtained by averaging over N = 10? disorder realizations with Hamiltonian
couplings J + 6J (1,1,1/2),|5J]|< 0.03. Inset: the high frequency regime decays
exponentially with a rate 7 = 3.23 consistent with computations from the Lanc-
zos approach discussed in App. @

signs (Fig. , ¢). Since these maxima are unstable equilibria, the period is expected
to be exponentially sensitive to deviations from the maxima, such that T ~ In (|z,, —
2(0)]71). Hence low frequency contributions to ®zz(w) require exponentially precise
fine-tuning of initial conditions and it is natural to conjecture that ®zz(w — 0) ~
exp [—1/poly(w)]. The results of App. confirm this intuition; more precisely, we
argue that
exp[—f(JL, )/ w]  JL>J.
@Zz(w%())g w/(647rJ2) J =J, (48)
exp [—g(JoL, ) /Vw] JL<J,

for some functions f, g of the couplings alone. In each case, the low-frequency weight
of @, drops off as w — 0, consistent with our expectations for integrable systems.
The spectral weight is greatest at the Heisenberg point, where it vanishes only linearly
with w. Even in this case, the fidelity diverges only logarithmically, x(u) ~ log(u).
Note that this weak divergence of x is consistent with our general expectations as the
Hamiltonian deformation H — H + ZZ §) breaks an SU(2) symmetry, lifting associ-
ated degeneracies in the spectrum and hence increasing the low-frequency response.
The high frequency behavior of ®zz(w) can also be qualitatively understood using
the potentials of Fig. [4] Since each trajectory z(t) is a solution of Newton’s equation,
the spectral function is an average of analytic functions and we expect ¢z z(w) decays
at least exponentially quickly as w — oco. In App. [A:3] we show that the decay of
the spectral function is precisely exponential except at the Heisenberg point, where
the absence of anharmonic terms leads to a sharp cutoff, ®zz(w > 2J) = 0. More
precisely, we argue that the Fourier transform of each trajectory decays exponentially
at high frequencies with a rate 7 [2(t)]. We evaluate the decay rate in closed form for
trajectories which are dominated by either the quartic or quadratic parts of V(z):

)] ~ {mwm, Bl< a

(BEeg)™*, a=0,8>0. (49)

We denote the minimum of 7 [2(¢)] over all trajectories by 7, which sets the decay rate
of the full spectral function. At low energies, the quadratic part of V(z) dominates
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the potential and trajectories behave as though |5|< a. Eq. then predicts that
the spectral function at high frequencies decays exponentially with a rate 79 ~ In|g]
which diverges logarithmically as we approach the Heisenberg point (see Fig. . This
divergence is consistent with the fact that the spectral function at the Heisenberg point
has a hard high-frequency cutoff.

In Fig. [5] we compare quantum calculations of ® 4z (w) with classical results com-
puted by averaging analytically exact trajectories z(t) with randomly drawn initial
conditions. The agreement between both sets of data is very precise, although errors
due to sampling effects become pronounced at low frequencies.

The derivation of Eq. is made possible by the simplicity of the XXZ model
in the classical limit. A more general approach to computing the high-frequency
decay of spectral functions comes via nested commutators or Poisson brackets. As
discussed in Sec. the moments R2 of the spectral function are given by norms
of nested commutators (see Eq. and surrounding discussion). Assuming that
Dyz(w — 00) ~ e ™ the decay rate 7y can be estimated as

o \/R§(2n+2)(2n+1) (50)

RY 4
This approximation improves with increasing n, as the weight of the moments is
increasingly concentrated in the tail of the spectral function. In practice, this estimate
converges rapidly as a function of n, and the inset of Fig. [5| shows that the predicted
decay rate is highly accurate. Additional comments connecting nested commutators
and Poisson brackets with the Lanczos formalism are presented in App.

5 The XYZ Model

In this section we consider the XYZ model, described by the Hamiltonian with
A =0, J, # J, # J,. This model satisfies the integrability condition Eq.

10— ! 4- == Classical
® S=50
_—— w2
103 - Lanczos
3
N
N 1075 1
A
1077 .
1079 =

107! 100 10!

Figure 6: Spectral functions of the XYZ model. The classical data is computed
by simulating trajectories to time 7' = 2 x 10? in time steps of size dt = 5 x 107>
with cutoff o = 7/T and averaging over 5 disorder realizations with N = 10°
trajectories in each realization. The quantum data averages over 103 disorder
realizations. Fits to the low frequency regime show ®(w — 0) ~ w?. Inset: the
high-frequency regime exhibits exponential decay of the spectral function. The
decay rate 7 = 1.281 is computed with nested Poisson brackets, shown by the
curve labeled Lanczos.
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for any choice of J but does not have any continuous symmetries and an analytic
solution appears intractable. We choose couplings which are positive incommensurate
numbers J = (y/7,5/2,¢e), but their precise values are inessential to our qualitative
results. To reduce the effects of resonances in the quantum model, we also introduce
a weak disorder in the couplings, J, — Ju(1 +14), where r,, is drawn uniformly from
the range [—0.03,0.03].

Spectral functions for the XYZ model are shown in Fig.[6] The agreement between
quantum and classical results is strong, even for a relatively small S on the order of
50. Numerical fits indicate that the spectral function decays as a power law at low
frequencies, ®zz(w — 0) ~ w?, and the fidelity susceptibility is finite in the limit
w — 0. We see that the low frequency tail goes to zero slower than in the more
symmetric XXZ model but faster than for the XXX model, where the observable ZZ
breaks the SU(2) symmetry. Interestingly, this low frequency asymptote is preceded by
a sharp decay of the spectral function to a very small value, similar to the XXZ model
(see Fig. . The high frequency behavior of ®zz(w) is also shown in Fig. |§| (inset).
There the spectral function decays exponentially, with a rate which is accurately
predicted by the norms of nested Poisson brackets.

6 Chaotic Model: Universality in the Emergence of
Chaos

In this section, we shift focus away from integrable systems and study the spectral
properties of a chaotic model. Classical chaotic dynamics are characterized by com-
plex trajectories which respond very strongly to Hamiltonian deformations. Per the
arguments of Sec. [2] the strong sensitivity of time-averaged trajectories to small per-
turbations is captured by the presence of low frequency weight in the spectral functions
of generic physical observables and corresponding growth of the fidelity susceptibility
as the late-time cutoff, u, decreases.

The chaotic model that we will consider is described by the Hamiltonian with
couplings

J=(3/2,m,ve), A=uz(y/m,V3,e€) (51)

where x is a tunable parameter which characterizes the strength of the integrability
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Figure 7: Rescaled fidelity, vy, as a function of the integrability breaking param-
eter x with S = 100. Inset: the rescaled fidelity in the small x regime.
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breaking perturbation. This model is integrable for z = 0 and 2 — oo (see Eq. (38))
and chaotic for any finite nonzero x, which makes it a useful testing ground for the
fidelity susceptibility as a probe of different dynamical regimes. Moreover, as we will
see, the crossover between quantum and classical dynamics is very rich. All quantum
data reported in this section averages over disorder by mapping the Hamiltonian
couplings J, — (1 + r,)J,, where each r, is a uniform random variable drawn from
the interval [—0.03,0.03].

To develop an intuition for the different regimes in this model, consider Fig. [7]
which reports the rescaled fidelity pux as a function of p and z at fixed S = 100.
This scaling is useful because it allows one to clearly distinguish between integrable,
maximally chaotic and ergodic regimes as schematically illustrated in Fig. [1, which
are in turn related to different low frequency asymptotics of the spectral function (see
Eq. and surrounding discussion). In particular, in the integrable regime where
x(i — 0) — const, the rescaled fidelity py vanishes as g — 0. This is indeed what we
observe at small values of = (Fig. [7| inset).

On the other hand, ergodic systems have spectral functions which saturate at small
frequencies such that py approaches a constant as g — 0. Similar behavior of the
spectral function is observed at integrable points if the observable breaks integrabil-
ity [33,/41,/67]. The data of Fig. [7]is consistent with the latter scenario at large z.
Outside of this limit, gy does not saturate and there is no clear domain of ergodicity.
Instead, for intermediate values of z (2 < x < 8), x(u) grows faster than 1/u, implying
that py diverges as y — 0. This behavior is consistent with the presence of chaos and
absence of ergodicity. There is also an intermediate regime (0.1 < z < 2) in which the
rescaled fidelity exhibits peculiar behavior. As we will discuss later, this regime has
strong quantum finite S effects which require a careful analysis.

In what follows, we will separately analyze the chaotic intermediate x regime
(Sec.[6.1)), the small = regime near integrability (Sec.[6.2), and confirm the absence of
ergodicity throughout this model with other standard numerical probes (Sec. .

6.1 Far From Integrability

As we have discussed, the divergence of ux as p — 0 for 2 < z < 8 indicates that
the spectral function develops a low frequency tail, ®zz(w — 0) ~ w7, where 7 is
generally a nonuniversal exponent which can depend on x. This anticipated behavior
agrees with numerical simulations (see solid line in Fig.[8|a)), where y(z = 4) ~ 0.625.
This scaling of the spectral function also agrees with the scaling of the fidelity x ~
=1+ shown in Fig. b). In the classical limit these scalings are expected to last
in the limit w,u — 0, as there are no small parameters in the model which could
introduce a low frequency scale, where this behavior would change.

The situation changes in the quantum finite S regime. As the Hamiltonian
has a bandwidth of the order of unity and the Hilbert space dimension is D ~ S2,
the typical level spacing is on the order of AE ~ 1/D ~ 1/S%. This level spacing
introduces a so-called Heisenberg scale wg ~ AFE/h ~ 1/S, which provides a natural
low frequency cutoff for the spectral function. Surprisingly our numerical results,
presented in Fig. @ are better collapsed by the scale wg ~ 1/5%/%. As S increases the
spectral function approaches the (S—independent) classical asymptote over a broader
range of frequencies. Using wg as the relevant low frequency scale, we anticipate that
at large but finite S the spectral function scales as

B12() = gn(wfuss) = o3 olofus) > Xzz = anlnfs) (52

The corresponding scaling collapse is shown in the insets of Fig. [9] and works very
well. We do not know if the exponent 3/4, instead of the anticipated exponent 1, can
be attributed to finite S corrections or if there is another relevant quantum scale that
is parametrically larger than the typical level spacing. Using this scaling ansatz we
can extrapolate the spectral function to larger values of S which cannot be accessed
by exact diagonalization. These extrapolations are shown as dashed lines in Fig.
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We conclude this section by noting that the high frequency asymptotes of the
spectral function shown in the inset of Fig. a) are essentially indistinguishable from
those of the integrable XXZ and XYZ models (Figs. |5| and @ respectively). In each
of these cases the spectral function decays exponentially, a feature which appears to
be completely insensitive to whether the model is integrable or chaotic. We therefore
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Figure 8: Spectral functions and fidelities of the chaotic model with x = 4. The
classical data was computed by averaging 5 x 10° initial conditions simulated to
a time T' = 6250. The quantum data was computed by averaging 600 disorder
realizations for S = 40,80. Dashed lines indicate extrapolations to larger values
of S using the scaling ansatz . (a) In the classical limit, the low frequency
spectral weight diverges as w62 Inset: the high-frequency regime exhibits
exponential decay, with a decay rate 7 =~ 1.158 computed with Lanczos methods
(nested Poisson brackets). (b) The corresponding fidelities, which obey the scal-
ing ansatz ([52]).
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Figure 9: Spectral functions as a function of S for (a) x =4 and (b) z = 6. The
insets show the best scaling collapse of ® consistent with our data.
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conclude that the short-time behavior of operators (equivalently, the growth of nested
commutator norms, see App. cannot detect chaos in this system.

6.2 Near Integrability

As z is reduced the system approaches the integrable point at x = 0 and we find
very rich low-frequency behavior. Taking x ~ 1 as an example (see Fig. , we
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z=1 r=1/2
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o
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Figure 10: Spectral functions in the regime proximate to integrability for = =
1 (left) and z = 1/2 (right). Finite S effects are particularly severe in this
regime: the asymptotic low frequency properties of the classical spectral function
converge very slowly as a function of S. It is instructive to compare this with the
convergence highlighted in Fig. [§| (a).
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Figure 11: Quantum spectral functions in the small x limit. The curves shown
use the parameters z = 1072,1073,10~* and S = 20, 40, 60, 80, each averaged
over several hundred disorder realizations. The collapse shown is consistent with
perturbation theory in .
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Figure 12: Classical spectral functions upon approaching the small x limit. The
low frequency spectral asymptotes are approximately parallel with similar power
scalings @7z ~ w? and non-universal values of 3. Note that 8 > 1 cannot be an

asymptotic result as it violates the sum rule [dw®zz(w) = ZZ(t = 0)2 . <L

observe that the spectral functions begin to decay as we lower the frequency from
w ~ 1. This is precisely the behavior we expect, as the system has not had enough
time to “realize” that it is chaotic. At sufficiently low frequencies (late times), the
spectral weight reaches a minimum and begins to grow, indicating that the system
is chaotic. Surprisingly, this growth is largely absent in quantum systems even when
w > wy, i.e., well above the Heisenberg scale. Since the classical limit is recovered
by taking S — oo, we are forced to conclude that near integrability another quantum
time scale develops which is much shorter than the Heisenberg time. Moreover, the
reduced growth of spectral functions at finite S implies that the fidelity diverges
more slowly as a function of u, and in this sense the model becomes more chaotic
with increasing S. This situation is somewhat reminiscent of the kicked rotor model,
where due to Anderson localization the quantum kicked rotor is less chaotic than its
classical counterpart . Similar observations were made in the context of Arnold
diffusion .

To proceed, we find it useful to focus on the limit <« 1 with finite S. In this regime
one can use ordinary perturbation theory in z to estimate the spectral function

[O,73):

2
<I>zz(w,S,x<<1)~CS< ) . C~3x107° (53)

x
w
The scaling (z/hw)? is expected from standard perturbation theory; the additional
factor of 1/S comes from the 1/4/S suppression of the matrix elements of the integra-
bility breaking perturbation 9y H. Numerically, we have found an anomalously small
overall prefactor C' ~ 3 x 1075, which depends neither on S nor on x. This prefactor
is likely of the same origin as the anomalously small prefactor in the w? asymptote
of the XYZ model spectral function (see Fig. @ The scaling indeed agrees very
well with the numerical results shown in Fig.
The evolution of the spectral function at small x as we approach the classical
S — oo limit is highly nontrivial. In this limit, like for larger x, we observe power-
law scaling at small w: ®zz(w) ~ w™? with 8 ~ 1 (see Fig. . Interestingly, the
approximate 1/w dependence of the spectral function, which corresponds to logarith-
mically slow relaxation, is consistent with a similar behavior found in other systems
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close to integrability, with and without disorder [34,41]. The exponent 8 =1 (up to
logarithmic corrections) is the fastest asymptotic divergence of the spectral function
consistent with the spectral theorem [34]. The fitted exponents slightly larger than
one, which we found for some values of x, therefore cannot be asymptotic and are
expected to decrease if we extend the analysis to even lower frequencies (and hence
longer times). In turn, 8 = 1 corresponds to maximally fast asymptotic divergence of
the fidelity susceptibility with the cutoff y as illustrated in Fig.[I] meaning that long
time trajectories are maximally unstable. Comparing this approximate scaling with
the perturbative result (53), we see that one needs to reach S ~ 1/C' ~ 10° even for
reasonably large x =~ 1 in order to observe the crossover to the classical regime. The
microscopic origin of this extremely large value of S remains mysterious and possibly
related to strong quantum effects found in other systems close to integrability and,
thereby, Arnold diffusion [69]. We note that this estimate is in line with the fact that
Fig. [10| shows very slow convergence to the classical limit with increasing S.

6.3 Chaotic and Regular Regions of Phase Space

From the KAM theorem it is well known that in low-dimensional classical systems,
like the one studied in this work, the phase space at small integrability breaking
is mixed [2]. This means that some trajectories remain regular while some become
chaotic. The spectral function and the fidelity susceptibility we studied so far were
averaged over different initial conditions and thus can be regarded as average measures
of chaos. In order to get additional information about the system, one needs to analyze
their fluctuations as was done, e.g. in Refs. [34,46[72] for quantum systems. A detailed
analysis of such fluctuations is beyond the scope of this work. However, we would like
to illustrate that the spectral function (and thus the fidelity susceptibility) can be
used to clearly distinguish regular and chaotic motion. This can be done by averaging
over specific regions of phase space. Namely, we can analyze and where
the phase space integrals only cover certain regions or initial conditions. Specifically,
we consider spectral functions averaged separately over chaotic and regular regions,
which show distinct low-frequency features.

Full = Chaotic = Regular
(@) 7 (b)
10° 4 0.4
1]
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3 ~
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] 0.1 1
104 3
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0.0 0.2 0.4 0.6 0.8
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Figure 13: Classical spectral functions (left) and distribution of Lyapunov expo-
nents (right) for chaotic and regular trajectories at x = 1.5. (a) shows distinct
low-frequency behaviors of the spectral functions averaged over chaotic versus
regular trajectories: asymptotes are 1/w!% and w?, respectively. (b) showcases
the probability distribution of the 5 x 10° trajectories considered for simulation
time T' = 10°, with chaotic (purple) and regular (pink) ones separately colored.
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We now focus on a specific value of x = 1.5. As one method for differentiating
between chaotic and regular trajectories, we use the Lyapunov exponent A, which
describes the growth between two nearby trajectories S and S:

1. [d(T)
A=1 | —1 — 4
T d©)s0 T 00 (d(O) ) ’ (54)

where d(t) = ||S(t) — S(t)|| measures the distance between S and S. We use a method
from Ref. [73] to numerically compute A, where d(0) and T are finite and thus (54)
sets the lower bound for the numerically accessible value of the Lyapunov exponent
as A 2 1/T. By examining the asymptotic behavior of A\ with respect to T, we can
distinguish between regular trajectories with A oc 1/7" and chaotic trajectories with
saturated values of A for sufficiently large 7.

Using A, we can compute the spectral functions for regular and chaotic trajecto-
ries, separately, and thus perform averaging over two different regions of phase space:
Fig. (a) shows the spectral functions averaged over the entire, chaotic, and regular
regions of phase space, while Fig. b) shows the probability distribution p(A) of
A. We note that, due to numerical technicalities, the regular trajectories numerically
have non-zero Lyapunov exponents in (b) that rather scale as 1/T. However, T is
large enough to properly separate between regular and chaotic trajectories using the
computed \’s as indicated by a gap in the probability distribution between these two.
We find distinct features of the low-frequency tails for the spectral functions averaged
using chaotic versus regular trajectories. The former exhibits an approximate 1/w
dependence that we have observed in Fig. while the latter shows the expected w?
scaling we saw for integrable models, such as in Fig.[6] Therefore, we find that chaos
can be measured by observing either a non-zero Lyapunov exponent or non-decreasing
low-frequency tail of the spectral function (or, equivalently, a non-decreasing scaling
of ux for p — 0). Deriving precise mathematical connections between Lyapunov ex-
ponents and the low frequency asymptotes of spectral functions remains an unsolved
problem.

6.4 Absence of Ergodicity

To complete our analysis of the chaotic model, we return to the question of whether
or not it is ergodic at particular values of z. We remind the reader that, according
to the eigenstate thermalization hypothesis [26], the spectral function should saturate
below the Thouless frequency leading to x ~ 1/u at small u. However, the analysis of
sections and [6.2] suggest that this is not the case in our chaotic model, particularly
in the classical limit (see Figs. [§[12). To conclusively demonstrate that the model is
not ergodic, in this section we compute other measures of ergodicity and confirm that
they are consistent with the predictions of the fidelity susceptibilities and spectral
functions.

A standard numerical test for ergodicity, motivated by random matrix theory,
comes from the distribution of Hamiltonian eigenvalues. Given consecutive energy
level spacings s, = E,+1 — E,,, random matrix theory predicts that the probability
distribution P(s) is given by the Wigner-Dyson distribution, while integrable systems
typically exhibit Poisson or nearly Poisson statistics. The computation of P(s) for a
particular Hamiltonian can require elaborate unfolding procedures; it is convenient to
avoid these when possible by considering the distribution of r values,

min($,, Snt1)

Tp=————t (55)

max(sy, Sni1)

which do not require unfolding the spectrum [74].

In Fig. we present the average level spacing ratio (r) as a function of the
integrability breaking parameter x, in addition to a representative level spacing distri-
bution P(s). The r-value never approaches the Wigner-Dyson result (ryp) = 0.536,
although it does deviate significantly from the Poisson value (rp) ~ 0.386. Hence,
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Figure 14: Energy-level spacing and corresponding r-statistics. (a) The average
level spacing ratio (r) as a function of the integrability breaking parameter = for
different values of S, each averaged over 20 disorder realizations. (b) The level
spacing distribution for S = 100, x = 1, keeping the central 50% of states in
the spectrum. For this choice of parameters, density of states is approximately
constant at the center of the spectrum and the level spacing distribution does
not require a complicated unfolding procedure.
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Figure 15: Statistical distance between the microcanonical ensemble and late-
time expectation values in the classical limit. The microcanonical distribution
was obtained by computing the expectation value of ZZ in 10° initial conditions
within a narrow energy window at the center of the spectrum. The real-time data
was computed by evolving N = 8 x 10° random initial configurations in the same
energy shell and computing the distribution of ZZ(t). The data shown uses the
L, distance between the microcanonical and real-time distributions.

while the chaotic model is clearly not integrable, it cannot be described by random
matrix theory either, consistent with the presence of chaos and absence of ergodicity.
To check for the presence of ergodicity in the classical limit, we compare time-
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averaged expectation values of the observable ZZ(t) computed for individual tra-
jectories with the corresponding predictions of the microcanonical ensemble. The
resulting L, statistical distance is then averaged over initial conditions drawn from a
microcanonical distribution. In Fig. we compute the distance between the micro-
canonical ensemble and real-time expectation values averaged over a set of trajectories
at fixed energy in the classical limit. Although we cannot rule out the possibility that
the dynamics become effectively ergodic on timescales longer than those of our simu-
lations, it is clear that the convergence to the microcanonical ensemble is extremely
slow, if it happens at all. This is, again, consistent with the absence of ergodicity for
all values of the integrability breaking parameter.

7 Conclusions

We have demonstrated that classical and quantum chaos can be probed and even
defined based on the late time behavior of observables. Specifically, low frequency
asymptotes of spectral functions quantify the sensitivity of quantum eigenstates and
time averaged classical trajectories to small perturbations. This sensitivity is encoded
in the scaling of the fidelity susceptibility (more generally, the quantum geometric
tensor), which is equivalent to the norm of the generator of adiabatic transformations.
We argued that unlike other definitions and probes of chaos, the properly regularized
fidelity is well defined in both quantum and classical systems, regardless of the range
of interactions or the size of the system, including the thermodynamic limit. More-
over, this probe allows one to clearly distinguish ergodic regimes from chaotic regimes
which do not thermalize and separate regular and chaotic motion in the systems with
mixed phase space. We confirmed that the qualitative phase diagram first proposed
in Ref. [33] and schematically illustrated in Fig. [I|also applies to chaotic systems near
the classical limit. In particular, we found that weakly nonintegrable systems first
enter the maximally chaotic regime, which exhibits maximal growth of the fidelity
susceptibility consistent with the spectral theorem. This regime is characterized by
approximate 1/w scaling of the spectral function (also known as 1/ f-noise [75]) and
corresponding very slow (logarithmic in time) relaxation of the system.

The arguments that we have presented to establish the fidelity as a probe of dy-
namics highlights the common structures underlying the emergence of chaos in both
quantum and classical systems. Moreover, such an approach to studying the classical
limit suggests a roadmap for how to detect different dynamical regimes in a broader
range of systems than those studied in this work, including systems without a Hamil-
tonian description. We note that chaos defined in this way depends on the asymptotic
scaling of the spectral function with the time (equivalently, frequency cutoff ). While
at first glance such an approach might look unnatural, close to integrability many
systems behave as if they are integrable for long times prior to exhibiting chaotic
behavior.

Let us also comment on two other approaches to defining chaos which have recently
been introduced, based on OTOCs [41/6] and operator spreading in Krylov space. |12].
Both approaches are based on the short time asymptotic behavior of observables.
Interestingly, these probes seem to be valid in two opposing regimes. OTOCs are
well-suited to classical or appropriate mean field limits, while Krylov methods apply
to quantum systems in the thermodynamic limit. In this work, we found that, for
systems close to the classical limit, the short-time behavior of operators, captured
by the high frequency decay of spectral functions, cannot distinguish integrable and
chaotic models. On the other hand, adiabatic transformations work equally well in
both regimes. The question of how to connect these short- and long- time probes of
dynamics remains an interesting and unsolved problem. Krylov space methods may
offer a path for establishing such connections.
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A Spectral Asymptotes of the XXZ Model

This appendix analyzes the high and low frequency asymptotes of the spectral function
D7 (w) for the classical two-spin XXZ model of Sec. In App. we derive
closed-form expressions for the coordinate z(t) = (S7(t) — S5(¢))/2 and the spectral
function. We then analyze the asymptotic behavior of @z (w) at low frequencies
(App. and high frequencies (App. . Computation of the spectral function
requires averaging over the set of initial conditions; in general, this average is difficult
to perform analytically. When an analytic solution is not available, we are satisfied
by deriving bounds on the asymptotes of ®zz(w). All special functions used in this
section, particularly Jacobi functions and elliptic integrals, follow the conventions of
Ref. [78].

A.1 Solution by Quadratures

In this section, we solve for the trajectories z(t) exactly and use them to write the
spectral function as an average of closed-form expressions. As mentioned in the main
text, z(t) has been computed previously in Ref. [59]. Our approach emphasizes a
different set of details to facilitate the computation of the spectral function and we
present some additional results for localized trajectories.

In spherical coordinates, the spin components are given by

S; = (sin6; cos ¢;, sinb; sin ¢;, cosb;) (56)

The equations of motion follow from the usual Hamiltonian treatment; we denote by
M, and F the conserved magnetization and energy of the XXZ7 Hamiltonian. Omitting
tedious algebraic details, it is convenient to work with the coordinates

1 1
2= (S;—53) = 3 (cos By — cos )

(57)
§ = tan(¢1 — ¢2)
The evolution of z is completely decoupled from &:
i=-22(J7 - LE+ (JT - JZ)MZ) —22° (JZ - J3) (58)

=-V'(2).

Hence the function z(¢) can be interpreted as the position of a particle with unit mass
in one dimension under the influence of a quartic potential V(z) = az? + Bz%, as
claimed in the main text. This particle has an effective conserved energy E.g which
is distinct from the Hamiltonian energy E:

1
Eog = 522 +V(z2)

1 2 2 (59)

=5 |7 (-2 = (B ar2)’]
It is also useful to take note of the extremal points of the potential, defined by V'(z,,) =
0, and the particle’s turning points, zg, given by Eqg = V (20),

Zm =0, + _%
— (60
22 =22 4[24 + Teﬂ

For some choices of parameters, a subset of these solutions may be complex; these are
understood to be unphysical.

With these parameters in hand, rearrangement of Eq. reduces the computation
of z(t) to quadratures. The trajectories then fall into two classes according to the sign
of the particle energy FEog, which we treat separately below. Some of the notation we
employ in these cases is overloaded; this is useful for highlighting similarities between
the solutions and it will always be clear from context which definitions should be used.
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A1l Eg>0

Whenever E.g > 0, the trajectory z(¢) is an even function about z = 0 and can be
parameterized in terms of a new variable ¢ as z = 2 sin ¢:

2(1)
P / . dr
2(0) 2(Eeff -V)

1 TH=(0)/20) 20 oS ¢d
\f sin=1(2(0)/20) \/azo cos? ¢ + Bz (1 — sin gb)

A< () 52) o (o () 22)]

where F' is the incomplete Elliptic integral of the first kind. For the sake of notational
clarity, we work with the positive branch of solutions and restore the negative branch
later by enforcing TR symmetry explicitly. It is convenient to define Q = — 25/ Eeg,
and rearrangement of Eq. yields

o (20) o T o (40 ]
20 20 20
=\/2Eogtto /0
(t + tO) ) Q:|

(62)

V2E.g

= z(t) = zosn [
20

where sn is the Jacobi sine function and am is the Jacobi amplitude function. With
z(t) in hand, the spectral function ®zz(w) can be computed by averaging over initial
conditions,

Prz(w) = %|ZZ(W)|2

1 1 2 (63)
- { / dt et 2 (M2 — 2(1))

Using the Fourier series representation of the elliptic functions, ZZ(w) is given by

2.2 oo n
22w) :Q;((Zg)z Z 1 iqq% 20805 (w + 2nwo) + e 200§ (w — 2nwo )|
n=t (64)
Lo 329,
2 (MZ 0 " or@) "

where ¢ is the elliptic nome of @), K is the complete elliptic integral of the first kind,
E is the complete elliptic integral of the second kind, and wy = mv/2Feg/(2K(Q)z0)
is the fundamental frequency of z(¢t). Using Eq. , the spectral function is given by

Dyz(w) = ! (Q;;ZO ) (1 ﬁq;n> (w+ 2nwp) + §(w — 2nwp)]

(65)

1 2_Zj ZgE(Q) w
"5 (MZ Q +QK(Q)> o).

Al1l2 FEg<0

When E.g < 0, it is necessarily the case that & < 0 and 5 > 0, and all trajectories are
localized in wells centered at z,, = £+/—«a/283. These trajectories are not symmetric
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about z = 0 but 2%(t) is symmetric under reflections about the center of the well. It
is then useful to parameterize z(t)? = 22, + 622 sin ¢, where

§22 = 2”12;_% (66)

Conservation of energy again reduces the computation of z(t) to quadratures, and
(restricting to the positive branch of solutions)

B /Z(t) dZ
(0) \/ Eeg—V)
52 (=) cos ¢
#(2(0)) 2V Leff —

/¢>(Z(t
- me ) /11 2 sing sm¢

For the sake of brevity, we define a = §22/22, and rearrange to obtain z(t)?,

2(t)% = 22, + 622 + 262%n

2 | #m ﬂ(1+a) 2a
— (t+t
[ 9 ( + 0)3 1+a

where t, is given by

et e () ]

It is convenient to define @ = 2a/(1 + a), and just as in Sec. the spectral
function is easily computed from the Fourier series representation of z(t)?,

272822 n ,
QK(Q)? Z qqzn [10%0 6 (w 4 ng) + e~ 00§ (w — nwo)|

b0 (- 29 o

where ¢ is the elliptic nome of @ and wy = 72;,/B(1 + a)/(2K(Q)) is the fundamental
frequency of z(t). Using Eq. , we find the spectral function

ZZ(w) =

(70)

2m® 5z (w) = (W>2 i <1ﬁq;n)2 [6(w + nwo) + 0(w — nwp)]

QKQP) = )

A.2 Low Frequency Asymptotes

In this section, we study the low-frequency behavior of ® 77 (w). Rather than compute
the asymptotic form of the spectral function exactly, we derive a set of bounds using a
combination of the exact results of App. and numerics. As described in the main
text, the qualitative results of this analysis depend on the sign of the quartic term [,
and we treat the Heisenberg, easy-axis, and easy-plane regimes separately.

A.2.1 The Heisenberg Point

At the Heisenberg point, J, = J, = J and the potential is purely quadratic, V(z) =
az?, a = J>(1+ 81 - S3). Each trajectory is harmonic and all of the properties of
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the Heisenberg point follow from substituting 8 = 0 into the results of App.[AT1] In
particular, the spectral function follows from Eq. :

2
(M2 — 23)

8w

§(w) + 20 [0(w — 2wp) + d(w + 2wp)] (72)

®rz(w) = 327

where wg = v/2a is the fundamental frequency of z(t) and

to = L gt (’Z(O)> . (73)

wo 20
By definition, zg < 1, so @z (w > 0) has a simple upper bound for each trajectory,

1
‘bzz(w > 0) < 76(&1 — 2w0)
327
_ P(UJO) (74>

327

where P(wp) is the probability of selecting an initial condition with fundamental fre-
quency wg. For initial conditions drawn from the infinite temperature distribution, it
is clear that S;-S5 (and therefore «) is uniformly distributed and it is straightforward
to show that P(wp) = wo/2J? (see Fig. (a)). Our upper bound for the spectral
function at the Heisenberg point is therefore

(I)Zz(w > 0) (75)

<_ Y

~ 64w J?

The numerics of Fig. [16] (b) indicate that this bound is quite tight.
Interestingly, the spectral function vanishes only linearly in the limit w — 0, which

is markedly distinct from the behavior in the easy-plane and easy-axis regimes. Of

course, the Heisenberg point is unique due to its SU(2) symmetry and the perturbation

S% 55 breaks this down to a U(1) symmetry. The consequences of this symmetry reduc-

tion at low energies is interesting, and developing a more complete understanding of

the interplay between integrability, symmetry breaking, and the predictive properties

of the fidelity susceptibility is an interesting avenue for future work.

A.2.2 The Easy-Axis Regime

In the easy-axis regime, J; > J, and the quartic term g < 0. Stability of the potential
therefore requires that a > 0; in fact, it is straightforward to show that

OzZJL(JL*Jz)EOL*. (76)

Before going into mathematical details, let us recall the intuition suggested in the main
text (see Fig.[d{(a)). Low frequency trajectories correspond to either small oscillations
about z = 0 with small « or trajectories which approach the maximum of the potential;
since « is bounded from below, only the latter are relevant. For such trajectories, we
expect that the period diverges as T ~ In(|z,, — 2z0|™!). We will now show how this
intuition follows from our analytic results and use the constraints of the low frequency
limit to bound ®zz(w).

For the easy-axis parameters, it is necessarily the case that E.g > 0, so the results
of App. apply to all trajectories. In this case, the fundamental frequency of a

trajectory z(t) is given by
™/ 2Eeff

“=00K@Q) "

Since Eqg > 0 and 2o < 1, “small” frequencies can only appear if K(Q) is large.

Recall that 0 < Q = —f25/E.g < 1, and in that range K(Q) is finite except in the
limit @ — 1. More precisely, for @ =1 —€,e < 1,

K(Q) ~ glind (78)

38



SciPost Physics Submission

(a) (b)

1.0q === wo/2

=== w/647J?

0.8

S 0.6
3

~—

0.4

0.2

0.0
0.0 0.5 1.0 1.5 2.0

wo w

Figure 16: Spectral function at the Heisenberg point with J = 1. (a) A his-
togram of fundamental frequencies obtained by drawing N = 106 initial condi-
tions randomly. This distribution converges to wp/2. (b) The spectral function
corresponding to the same initial conditions as in (a). The low frequency spectral
weight scales linearly with w.

Trajectories with “small” wq therefore require exponentially precise fine-tuning of ini-
tial conditions, as expected. The meaning of a “small frequency” in this context is
one which falls below the characteristic scale of the quadratic part of the potential,
Va < VT, (see Eq. (7).

Clearly, the low frequency limit is strongly constrained; numerics show that the
probability of drawing an initial condition with fundamental frequency wy < v2ay
scales as

P(wo S V2ay) ~ exp [~ f(JL, J:) /wo] (79)
where f is a function of the couplings alone (see Fig.[17] (a)). Due to the rapid decay
of P(wg) as wp — 0, the low frequency limit of the spectral function is dominated
by the first harmonic of each trajectory. The spectral function of Eq. is then
approximated in the low frequency limit by

¢

2 2
(I)Zz(o <w ,S \/204*) ~ %<Q;T;(Zg)2) <1 _qq2> 5((&1 — 20}0) +0 (8_1/w>

<3 (arip) (i) oo,

Each contribution to Eq. is specified by two independent parameters of the
corresponding trajectory, @ and wg. In the low frequency limit, these parameters are
not independent: it is straightforward to show that E.g — —28 and 2y — 1 as wy — 0.
From Eq. 7 it follows that, in the low frequency limit,

™ /Bl
wo ~ —_. (81)
K@)V 2
This relation reduces the bound of Eq. to a single parameter. With this under-
standing, our final bound on the spectral function can be written as

(80)

1
2

w2 q 2
8270 < w S V2a0) < ( 7 1_q2) Olexp-1/w).  (82)

QK(Q

The numerically-obtained spectral function is shown in Fig. [17|(b), and it is clear that
the low frequency limit decays at least as fast as exp [—1/w].
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Figure 17: Spectral function of the easy-axis regime with J, = 1,J, = 1/2. (a)
A histogram of fundamental frequencies obtained by drawing N = 10° initial
conditions randomly. This distribution decays as exp [—1/w] at low frequencies.
(b) The spectral function corresponding to the same initial conditions as in (a) as
a normalized histogram, retaining the first ten harmonics. Clearly the spectral
function decays faster than P(w) at low frequencies; more precise bounds are
discussed in the text.

A.2.3 The Easy-Plane Regime

In the easy-plane regime, J;, < J, and the quartic term 8 > 0. Unlike the easy-axis
case, stability considerations do not put a lower bound on |«| and E.g can be positive
or negative. The mixture of signs in this case complicates the analysis, since some
trajectories are subject to the results of App. and others to those of App.
Rather than focus on these complicated details, we use the intuition obtained from
the easy-axis regime and focus on the distribution of fundamental frequencies. Numer-
ics indicate that the probability of drawing a trajectory with fundamental frequency
wp scales as
Plwo) ~ exp[~g(J1, ) /o) (83)
where ¢ is a function of the couplings alone (see Fig.[18|(a)). Since this distribution de-
cays rapidly as wyg — 0, the spectral function is again dominated by the first harmonic
of each trajectory. The spectral function in this case is then given by a weighted sum
of contributions of the form shown in Eqgs. and . Each of these contributions
are well-behaved functions, and we therefore expect that the exponential suppression
of P(wp) sets a bound for the low-frequency behavior of the spectral function up to
polynomial corrections in w. That is, despite the complicated form of the average
trajectories, the leading behavior of ®z(w — 0) is set by P(wp). The numerics of
Fig. [1§] confirm this argument.

A.3 High Frequency Decay Rates

In this section, we analyze the high frequency behavior of the spectral functions com-
puted in App. We will argue that the spectral function decays exponentially in
the high frequency limit,

D z7(w — 00) ~ exp [—Tow] (84)

where the decay rate 7y is a function of the Hamiltonian couplings J, and J,. In gen-
eral, spectral decay rates can be determined using nested Poisson brackets or Lanczos
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Figure 18: Spectral function of the easy-plane regime with J, = 1,J, = 3/2.
(a) A histogram of fundamental frequencies obtained by drawing N = 106 initial
conditions randomly. This distribution decays as O(exp [—1/1/w]) at low frequen-
cies. (b) The spectral function corresponding to the same initial conditions as in
(a) as a normalized histogram, retaining the first twenty harmonics. Clearly the
spectral function decays faster than P(w) at low frequencies.

methods (see App. , but our analytic control over the XXZ model facilitates a more
direct approach.

Take an arbitrary initial condition S = (S, S2) with E.g > 0; the generalization
to Eeg < 0 will follow shortly. We denote the contribution of this initial condition to
the spectral function by @z (w|S), which can be read off from Eq. (65). Dropping
the Drude weight and irrelevant constants, we find

') n 2
nq
n=1
Note that the norm of ¢ is necessarily bounded, |g|< 1. At high frequencies, the
amplitude of ®,z(w|S) decays as ¢*/“0, which gives a decay rate associated with S:

Injg|
S)=— 86
() =~ (56)
Provided that the distribution of decay rates 7(S) has a well-defined minimum, we
expect that the decay rate of the spectral function satisfies

To = méin 7(8S) (87)

Our numerics indicate that such a minimum exists for all the parameters that we have
considered; a typical example of our findings is presented in Fig. [T9]

For trajectories with E.g < 0, the decay rate can be computed by the same ar-
gument and replacing the contribution ®zz(w|S) with the result Eq. . Again
neglecting the Drude weight and negative constants, we find

Drr(w>01S) x 3 ( : f";n> 5(w—nwy)  (Eug < 0) (88)

n=1

By comparing with Eq. , we see that the decay rate of a trajectory with Fqg < 0 is
enhanced by a factor of two. This is because such trajectories are localized away from
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Figure 19: High-frequency decay rates for the XXZ model with J; =1,.J, = 1/2.
(a) A histogram of decay rates obtained by drawing N = 106 initial conditions
randomly. This distribution has a well-defined minimum 79. (b) The spectral
function corresponding to the same initial conditions as in (a) as a normalized
histogram, retaining the first ten harmonics. The minimal decay rate 7y clearly
fits the high-frequency behavior of @7z (w).

the origin, so the fundamental frequency of z(t) is equal to that of z(t)?; accordingly,
each trajectory’s amplitude decays as ¢2“/“0. In general, it is difficult to express the
decay rates in a simpler form than Eq. . However, in cases where the quartic or
quadratic parts of the potential V(z) dominate, it is possible to make further analytic
progress.

A3.1 B«

Here we study the high frequency decay rates of trajectories where the quadratic part
of the potential V(z) dominates the quartic part. We enforce this constraint by fixing
B and considering an initial condition with |8|< «, which guarantees that E.g > 0.
Hence the decay rate 7 of Eq. is given by

7 Re[K(1 - Q)]
woK(Q)
_ 229 Re[K(1 — Q)]
V2E g

where we have used the definition of the elliptic nome and Eq. . At leading order
in 3,28 ~ Egg/a and Q = —fB2/FEeg is a small negative number. Using known
properties of elliptic functions, the leading asymptotic form of 7 is given by

2 1 a? 1
Tw\/g[lnél—i-aln (E_ef-f> —51n|6|} : (90)

By minimizing 7 over the set of initial conditions, we obtain 7(; numerical results for
7o are shown in Fig. which shows that 79 ~ log|8|. In particular, at the Heisenberg
point 5 = 0, the spectral function has a hard cutoff at w = 2J. Accordingly, our result
predicts a logarithmic divergence of 79 as 8 — 0.

(89)
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Figure 20: The spectral decay rate, 7, obtained for J;, = 1 and varying J, to
obtain the values of 8 shown. The decay rate diverges logarithmically as 8 — 0,
consistent with the fact that the spectral function at the Heisenberg point has a
hard cutoff at w = 2J. The fit line shown was obtained by a linear numerical fit.

A3.2 a=0,8>0

In the absence of a quadratic term, the potential is entirely quartic, E.gq = 825 > 0
and @@ = —1. Using Eq. , we find

2
T=4/ B/ Re [K(2)] o

()"

B Spectral Moments & Lanczos Methods

A number of previous works have explored the connection between operator growth
and the well-known Lanczos algorithm [12}[79]. This appendix connects the contents
of the main text to the Lanczos formalism and presents numerical results for both
the spectral moments R? (see Eq. and Lanczos coefficients. For the reader’s con-
venience, we begin with a brief review of the Lanczos algorithm in the context of
operator dynamics. We then apply these methods to our two-spin model, demonstrat-
ing consistency between spectral function decay rates and the growth rate of Lanczos
coeflicients.

B.1 Brief Review of Lanczos Algorithm and Operator-State
Formalism

For the sake of clarity, this section is written from the perspective of quantum mechan-
ics and we use the terminology of finite-dimensional local Hilbert spaces. However, as
explained in Sec. 2] all of our comments can be applied equally to classical Hamilto-
nian systems by replacing operators with suitable functions of phase space variables
and substituting Poisson brackets for commutators (with appropriate factors of ¢ and

In the Lanczos formalism, we begin with a Hilbert space H, and it is convenient
to regard operators which act on H as states in the “doubled” Hilbert space H ® H.
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This is accomplished by the following mapping for an operator €2 acting on H,

Q:ZQij|i><j|—>ZQij|i>®|j>E|Q)EH®H. (92)

ij

In the last equality we have defined the “operator-state” corresponding to the operator
), denoted by the rounded ket |2). The standard inner product on H®H is equivalent
to the infinite temperature inner product for operators in the original Hilbert space,
meaning that
1

(x[) =  Trx'0 (93)
where D = dim (H). For systems described by a Hamiltonian H, time-evolution of a
Hermitian operator 2 in the Heisenberg picture satisfies

Q(t) _ eth/hQ(ifth/h _ Z (Zt) L£7Q (94)

n=0

where £ =h"! [H,] is the Liouvillian superoperator. In the operator-state represen-
tation, the Liouvillian is an operator on the doubled Hilbert space given by

_ !

£=3

(Hol-1xHT) (95)
and time evolution can be represented as |Q(t)) = e***|Q2). Note that the Liouvillian
is Hermitian for real-symmetric Hamiltonians.

A nice tool for studying the dynamics of operators is provided by the Lanczos
algorithm. In general, the Lanczos algorithm takes as input a Hermitian matrix 2
and a vector v, and returns an orthonormal basis of vectors (the so-called Krylov
basis) which tridiagonalizes Q. For our purposes, the Hermitian matrix we want to
tridiagonalize is the Liouvillian and the initial vector is a (Hermitian) operator-state
|Og) whose evolution we wish to study. The Lanczos algorithm then proceeds as
follows.

The operator |Oy) is the first element of the Krylov basis. The second element is
constructed by noting that

(OQ|L|OO) o Tr [Oo (HOO — O()H)] = 0. (96)

This motivates us to define |A;) = £|Oyp), which we normalize to obtain the second
Krylov basis element,

|A1)
(A1]A1)

where we have also defined the first Lanczos coefficient, b;.

The remainder of the algorithm can be described by induction. Let us assume that
we have obtained the first n Krylov basis vectors which satisfy (O;|O0;) = d;;, along
with the first n — 1 Lanczos coeflicients. Define

|01) = = |A1) /b1 (97)

|An) = L]On—1) — bp-1|O0p—2) (98)

along with the nth Lanczos coefficient, b, = \/(An|A,). We will now show that |A4,,)
is orthogonal to the first n Krylov basis vectors. A calculation which is essentially
identical to Eq. shows that (O,,_1]A4,) = 0. For all m < n — 2, consider the
overlaps

(Om|An) = (O |LOp—1 — bym10p_2)

(LOm|On-1) = bp—16m,n—2

(Amg1 + 0mOm—1|0n_1) = bn—10m n—2 (99)
(Am+1|0n—1) - bn,_15m7n_2

0.

44



SciPost Physics Submission

Element n + 1 of the Krylov basis is therefore given by the normalized vector
|On) = [An)/bn. (100)

The Krylov basis is then constructed by iteration until one finds b,, = 0 for some n,
at which point the basis has been foundﬂ

The relation guarantees that the Liouvillian is a symmetric tridiagonal matrix
in the Krylov basis, with zeros on the diagonal:

0 b 0 0
by 0 b 0o .-
(OulLlOw) =10 b, 0 . (101)

We note that the standard treatment of the Lanczos algorithm is slightly different than
the one presented here, as it is in general possible to have nonzero diagonal entries
following the Lanczos procedure.

The Krylov basis has several convenient features - for example, it reduces the
problem of operator dynamics to the solution of a tight binding model whose hopping
amplitudes are given by the Lanczos coefficients. Unfortunately, the Lanczos algorithm
is susceptible to strong numerical instabilities, which can limit its application to many-
body problems. However it has recently been emphasized, particularly in Ref. |12],
that the Lanczos coefficients contain important universal information.

B.2 Numerical Results

Using the operator-state formalism discussed in the previous section, we can relate
dynamical properties of an operator to the Lanczos coefficients directly. For exam-
ple, the autocorrelation function of a Hermitian operator 9\ H, denoted C(t), can be
written as

C(1) = (05 HIe™ 05 H) = 5 Te [05 H (105 H(0)]. (102)

The associated spectral function, ®(w), is the Fourier transform of the autocorre-
lation function. Moments of the spectral function are given by

R2 = /dw W' ®(w) = (O\H|L*™|OH) = ||L"O\H || (103)
The attentive reader will notice that this form is equivalent to that in Eq. in the
limit of infinite temperature. One can easily check using Eq. that Ry = b, Ry =
b} + b2b3, and so on.

The asymptotic growth of the Lanczos coefficients controls the high-frequency be-
havior of the spectral function,

bp ~n® < (w — 00) ~ exp [— (w/wo)l/é} . (104)

where ¢ is a positive real number and wy is a frequency scale.

For local Hamiltonian systems, Ref. [12] has argued that § < 1 and, in the case
0 = 1, refined these asymptotic bounds by using the growth rate of the Lanczos
coefficients, «,

by, ~an < ®(w — 00) ~ exp [7@} .
2ce

Fig. shows the first twenty Lanczos coefficients and spectral moments for the

chaotic model of Sec.[6]with z = 4. We have taken special care to guarantee the numer-

ical stability of both sets of quantities; for finite values of .S, the Lanczos coefficients

and spectral moments were computed exactly by constructing a finite-dimensional

(105)

4We note that the Krylov basis is not necessarily complete; for example, in the presence of symmetries,
different symmetry sectors are dynamically disconnected.
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Figure 21: Lanczos coefficients and spectral moments of the chaotic two-spin
model of Sec. [6] with z = 4. (a) The Lanczos coefficients associated with the
operator S7.S5 at several values of S. Finite S effects lead to eventual saturation
and decay of the Lanczos coefficients, analogous to finite size effects in quantum
spin chains. In contrast, the classical coefficients can grow without bound. The
black dashed line shows the growth rate anticipated by the high frequency decay
of the spectral function, 7 &~ 1.158 (see Fig. [8). (b) The spectral moments
associated with the Lanczos coefficients of panel (a), normalized by the classical
data. This normalization reveals that seemingly small variations of the Lanczos
coefficients are amplified dramatically in the moments.

representation of the Liouvillian. In the classical limit, we used matrix-free meth-
ods discussed in Ref. , which can be applied to systems with a countably infinite
Hilbert space dimension, although they are fundamentally limited by computer mem-
ory. These approaches guarantee numerical stability, while other methods that rely
on exact diagonalization are plagued by numerical instabilities.

Both the moments and Lanczos coefficients converge to their classical values in the
limit S — oo, although the convergence is subtle. In addition to finite size effects which
come from the fact that the space of operators has a finite dimension (25 + 1)*, the
Hamiltonian itself depends explicitly on S, meaning that the Lanczos coefficients b,,(.5)
can disagree even at small n. This is to be contrasted with taking the thermodynamic
limit at fixed S, for which Lanczos coefficients are guaranteed to agree exactly prior
to encountering finite-size effects.
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